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ABSTRACT

In this study two nonparametric probability density estimators
are considered. The first is the kernel estimator. The problem of
choosing the kernel scaling factor based solely on a random sample
is addressed., An interactive mode is discussed and an algorithm
pro;;osed to choose the scaling factor automatically. In a Monte
Carlo simulation study, the resulting integrated mean square error
compares favorably with the error using the usual asymptotically
optimal choice of the kernel scaling factor. For the latter case,
;he true sampling density is required to calculate the optimal scaling
actor,

The second nonparametric probability estimate uses penalty
function techniques with the maximum likelihood criterion. A discrete
maximum penalized likelihood estimator is proposed and is shown to
be consistent in the mean square error. Approximation results of
this discrete solution to the corresponding infinite-dimensional solution’
are proved. A numerical implementation technique for the discrete
solution is discussed and examples displayed. An extensive simulation
study compares the integrated mean square error of the discrete and
kernel estimators. The robustness of the discrete estimator is
demonstrated graphically.
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I, INTRODUCTION: THE FROBLEM OF FROBABILITY DENSETY ESTIMATTON

The probabilistic nature of our world is a feature which mankind has
had to cope with throughout his existence, Only comparatively recently
has he attempted to cope with the uncertainty in a formal fashion, In
many situations it is desirable to study the underlying stochastic struc-
ture by specifying a probability density function which reflects the random
behavior of the data, Thus the problem of estimating a probability density
function from a set of data is of extreme importance,

Specifically, we wish to find a function £(.) which is an estimate
for an unknown probability density function £(.) , based on a random

gample XysXgsaaes¥ from f(.) . The methodologies for solving this

N
problem £all into two general classes, parametric and nonparametric pro-
cedures, Actually, this division in practice is not sﬂarp. In a sense
there is a series of steps from an assumption of a specific functional form
of the probability demnsity £(-+) to much weaker assumptions, for example

£ cc? with JE"Cx)zdx <k . We should be aware of the fallacy of the be-
lief that any nonparametric procedure is "assumption free,"

In the following sections we examine ;he available methods and a new
nonparametric algorithm for estimating probability densities, Computer
examples are presented and Monte Carlo simulations summarized to evaluate
the performances of several algorithms, Particular attention is paid to
the theoretical numerical analytical and statistical properties of the new
algorithm, We begin by examining the philosophy of commonly used tech-

niques for the two general approaches for estimating probability density

functions.



1.1 Parametric Estimation

For parametric estimation it is assumed that the unknown sampling

density takes a known functional form
£(x) = £(x]e)

where 6§ is a vector of p parameters which completely specifies the
density function, Given such a functional representation of the density,
the parametric form of the sampling density Is known, Thus the problem of
estimating the density function involves the estimation of components of
the vector 6 .,

In restricting the class of possible densities in this parametric
fashion, it is clear that our estimates may not be robust against an in-
correct assumption of the parametric class, For example, we might assume

a unimodal density while the true density is bimodal, Clearly, prior

knowledge of the density's explicit functional form is extremely useful,

There are several popular parametric estimation procedures for choosing

statistics to estimate the unknown parameter 9 . 'Frequently, for example,

a statistic Y is sought that is unbiased and has minimum mean square

error subject to this comstraint,

A Bavesian Procedure

Let us consider a Bayesian method for injecting prior knowledge of 6
into the egtimation procedure, For simplicity, let @ be a single param-
eter which takes on values in the interval (a,b) . We suppose that the
knowledge of the true value of 8 1s characterized by a prior probability

density A(8) . The joint density of 6 and a random sample x = [xl,...,xN]

is given by



N
h(x,8) = _nlf(xi]e)x(e) = L(8[x)x(8)
1=

where L(BI;) is called the likelihood function, Applying Bayes Theorem,
we may calculate the conditional density of @ given =x or the posterior

density of § as

__L([x)1(0)
JLce" x (e Hde'

g(o]x) =

There are several possible estimates 8(x) for ¢ based on the posterior
density g(elx) . We may use the median or mode of g(elx) to estimate
the parameter § , although the mode may not be unique, Alternately, we

may consider the estimator B8(x) which minimizes the criterion function

B[ (3G)-)7] = [ [ (3e)-)a(e)L(ef)dedx .
X 8 ’

We may do so by assigning to f(x) for each =x that value which minimizes

J (B3&)-8)? Lee[x)r(e)de
9

Differentiating with respect to the value 8(x) and setting the deriva-
tive equal to zero implies

8(x) = | eg(efx)de

that is, 8(x) is simply the mean of the posterior density g(e1x) .

A Maximum Likelihood Procedure

In 1922, R.A, Fisher [1950] introduced a new criterion for choosing
the parameter @ which he called the maximum likelihood estimate, Here,
0 is chosen to maximize the likelihood function L(6[x) . We motivate
Fisher's estimator with a Bayesian argument, Suppose we restrict 8§ to
a finite interval (a,b) and consider a prior density for 8 that is con-

stant on {a,b) ,



—;— if a
b < 8<b

A (e) =
0 otherwise ,

Hence we assume that every point in (a,b) is equally likely to be the txue

value of @ according to our prior knowledge, Thus the posterior density
for @ € (a,b) is

L(0|x)
ij(e'|x)de'
a

g(olx) =

1f we consider the posterior mode of g(B‘x) , we see, since the denominator
does not depend on § after performing the integration, that maximizing
g(e[x) is equivalent to maximizing'the likelihood function L(e|x) . Thus
the maximum likelihood estimate, according to the Bayesian interpretation,
is the mode of the posterior demsity g(e]x) assuming "a uniform prior den-
glty on 0,

Maximum likelihood estimates will not generally be unique, but under
certain regularity assumptions about f£(.[0), Huzurbazar [1948] and Wald
[1949] have shown that the maximum likelihood estimators are unique and
consistent as the samplé size N tends to infinity, The Bayesian inter-
pretation of the maximum likelihood estimate was rejected by Fisher, The
use of the maximum likelihood philosophy in the nonparametric setting has
been the subject of much recent work, including this thesis,

We summarize our discussion of parametric probability density function
estimates by emphasizing their importance in modelling and their relative
efficiency under the correct hypotheses, However, we warn that these pro-

cedures are not robust against errors in choosing the parametric family,



1,2 Nonparametric Estimation

In 1895 Karl Pearson [1948] proposed a systematic method for fitting
a probability density function based on the first four sample moments of
a random sample, Motivated by a limiting form of the hypergeometric dis-
tribution, he proposed choosing the density £(x) which solves the differ-
ential equation

d log £(x) _ X - a
b + b.x + b:X
o 1 2

where a, bo’ bl’ and b2 depend on the first four sample moments and

b1 = -a , The Normal, Gamma, Beta, F, and Student's t distributions
are members of the Pearsonian fa@ily of densities, Unfortunately, the
differential equation has three independent parameters, However, most of
the univariate densities mentioned above have no more than two determining
parameters, Thus the probability is zero that a solution to (1.2,1) will
be, say, a normal demsity.

For our purposes, we define a nonparametric probability density esti-
mator as one tﬁat does not result from an a priori choice of the parametric
form of a known density, The advantage of a nonparametric estimator is
that it can approximate a wide range of true densities, whereas we are com-
mitted under the assumption of a parametric density form,

Pearson's estimation procedure is, by our definition, clearly paxra-
metric, However, it admits of a more general class of density estimates
than if we assumed a priori that, say, the unknown density is Gaussian
with unknow# mean and variance, Pearson's family of density estimates is
itself reasonably restrictive, For example, it contains no densities with
more than one internal mode,

We shall consider other nonparametric estimators beginning with the



histogram estimator, The kernel estimator will be considered in Chapter 2,
The remainder of our discussion will be devoted to nonparametric estimators
based on the maximum likelihood criterion, A survey of nonparametric pro-

cedures may be found in Wegman [1972],

1,3 The Histogram

The histogram, the classical nonparametric probability density esti-
mator, probably antedates any parametric estimator, Given a sample
N . .
[xl,..,,xN] < [a,b] " , we partition the interval [a,b] by
=b and we consider all simple functions W de-

am= t1< t2 Leno <1:m4_1

fined on [a,b] having the form

wie) = VA for t € [ti’ti+1) i=1,m 131

W) =y

and zero elsewhere for some (yl,...,ym) € Rm . If we let q; be the
number of samples in the interval. [ti’ti+1) for i = 1,m and let 9
include the samples equal to b , then the histogram estimate is the simple

function W defined by

94
= for i=1,m. (1,3.2>

y -
1 Nty - £y

We first show that the histogram is the unique function of the form

{1.3,1) which maximizes the likelihood function

N
e = 0 W) (1.3.3)
i=1

f
subject to the constraints

Jweddt =1 and W(t) >0 ¥t .
* .
In intervals where gq. = 0 , the optimal solution y, must be zero, since

any mass placed in the ith interval decreases the likelihood,



Following de Montricher [1973], we prove a lemma and a proposition verifying
that (1.3,2) is the unique dolution to the constrained optimization prob-
lem (1.3.3). Some of these results may also be found in the paper by

de Montricher, Tapia .and Thompson [1975],

Lemma 1.3.1, Given positive integers dq.,...» define f:R" - R b
1 Y Y

m qi
£(y) = U ¥,
i=1
where vy = (yl,.,.,ym), Also given o € R™ such that o> 0 , define T
by
T={y GRm: {o,y) =1 and y2> 0}

where (.,.) denotes the usual inmer product in ™ . Then £ has a

unique maximizer in T which is given by y* where

94 m
y, ==— and X q, =N,
i No:i i=1 i

Proof, Since T is compact and £ is a continuous function of y , there
exists a global maximizer which we denote by y* . If yj. were zero, then
f(y*) =0, Buty= ;t'(i—-,...,i—) €T and £(y)> 0 , which would be a con-
tradiction, It follows ihat yr*: must be an interior point of T ., From
the theory of Lagrange multipliers there exists A € R such that

VEGY) = e . (1.3.4)

Taking the gradient of f and using (1,3,4) leads to

vy i=1m. (1.3.5)

®

%*
From ¢1.3.5) and the fact that (a,y‘) = 1 we have
m

3 F3 7%
A=y ) = Zlf(y Jg; = NE(y ) .
i=

Substituting this value for A into (1,3.5) gives


http:YI'**'.ym

q;f (y) = NE (y*)aiyz
establishing the lemma, since we have proved that (1,3,4) has a unigue
solution,
For the class of simple functions (1.3.1), the integral constraint is
seen to be
m

fyi(tiﬂ - ) =1

i=1

We may now prove the following:

Proposition 1,3.1, For a given partition, the histogram is the unique maxi-

mum likelihood estimator in the space of nonnegative simple functions of

the form (1.3.1), given by

vy, = i=1m (1,3.6)
where a and N are as before,

Proof, We have already noted that Y: =-0—1in intervals where q; = 0,
and formula (1,3,6) is valid in this case, ILet I = [:‘L:qi > 0] . Théﬁ
applying lemma 1,3,1 over those indices in T with o; = ti+1 - ti com-
pletes the proof,

We next show that the histogram is a consistent estimator and we cal-
culate the optimal rate of convergence for the histogram, The following
proof 1s motivated by a proof for kermel estimators by Rosenblatt [1956],

providing a link between histograms and kernel estimators,

Theorem 1.,3.1, Suppose the sampling density £(z) has continuous deriva-

tives up to order three, Suppose we define a mesh on the real line, as de-

seribed in (1.3,23), by the set {tk] for -=< k< o where tk+1_tk = h



for all k and for a given mesh interval h , Then the histogram wit)

defined as in (1,3.1) by

93
is consistent in mean square error in the sense that
2
EWE) - £x)|[7 ~ 0 (1.3.8)

a8 N- o, h—= 0, and Nh - » , Furthermore, if h = h(N) is chosen so
that
h(N) = 22&515 173 113 (1.3.9)
1
£ (x)

then the optimal rate of convergence of the mean square error is

BWG) - £@)[% ~ 3[3’%?—(51]2/3 W22 hod +nh L (1310

Proof, Let us consider the estimate at a fixed point x* , where we assume
that x* is always in the kth interval [tk’tk+1) as we change the mesh
width h , Let us further suppose that the mesh is picked so that x* ‘is
the midpoint of [tk’tk+1)- even as we vary h , Then tegl ~ x* = %#h and
x* -t = #h for all h , where the dependence of the mesh nodes on h
has been suppressed, Let

Crtl

p = [ £G)dx . (1,3.11)

Y

*
Taking a Taylor expansion of f about x , we get

% # * %* * *
o) = £6C) + B ) Giex) + BE G (xex )2 + Of Geex ) ],
(1.3.12)
Using (1.3,12) in (1.3,11) and noting the linear term drops out in the

integral, we have



10

%*
Py = f(x )h +— f“(x )h + o(h Y . (1,3.13)
We separate the mean square errox (1,3,8) into a variance and bias term by
* * .2 2 %* * *
EG’) - 262 = FEED + [EEED - €@ N]® L (1.3.10)

Now for a given h , using (1.3,7), we have

P
EW( D) = 3 B(a) = 4 (1.3.15)

and
2
2 * G Py

]

2
57 Bl = 9P|

pk(l - pk)

th

(1.3.16)

where gq, is the number of samples in [tk’tk+1) and p, is given by
(1,3,11), Usiog (1.3,13) in (1.3,16) we get
2 * i * *.2 1
o WD) =g [£&) - f(x ) h + 37 f"(x )b +0(h )].(1.3.17)
Thus the variance of the histogram estimate will vanish as N - = and
b~ 0 if we require that Nh - » , Similarly we use (1.3,13), (1.3.14),
and (1,3,15) to calculate the
3 % %*
(bias)® = [-hi‘ - E(x il 2 ——1-2— eyt + 0@ (1.3.18)
24
which vanishes as h - 0, From (1,3,17) and (1.3,18) we have
* %2 £&D L AL
%
EW@E ) - £ )"~ + 0
%
+ L et + o) (1.3.19)
24
where we have combined all the variance terms in (1.3.17) except the first
under the term O(L/N) , since we will consider picking h of the form

N® where o> 0,
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let us consider the mean square estimate of the histogram at any other

) %
point y in the interval [tk’tk-l-l) . Since W({y) =W( ) and (::1-}-b)2 <
2a2 + $Zb2 for any real numbers a and b , we have

EfWey) - £)]° = BN - £ + £a7) - £3) ]

* * ’ * v
< 2EWED) - £6) |2 +2E]eey - £ P
' (1,3.20)
Now. using (1.3.12) with the worst value of y in ['tic’tk+1)’ namely

y=t, ,we have, since x -t = h/2 , that

’

% . * :
b e, -‘_|'f (}; Y= f(y)l S f!‘(x ) '2" +.0 (hz). el

S B e

(1.3.21).7

Using (1.3.19) and (1,3,21) in (1,3,20) we obtain

2 _ 2f * £' 2 1 3
o) - e P < BEEL L B o) L (13.22)

The choice of h(N) which minimizes the first two terms in (1,3.22) may
be obtained directly or_ by using Lemma /-';a' in Parzen [1962, p. .107_4] .and
is given by (1.3.9) with corresponding optimal mean square error {1.3,10),
Suppose we always halve h when we change‘ h and fhat we define the
new mesh by shifting any interval boundary in the old mesh by h/4 . With
this cholice we always keep points that were midpoints of intervals in the
previous mesh at midpoints of intervals in thé new mesh, If we let |
denote an interval boundary and let * denote the center of an interval,

this algorithm looks like

a/p s | = | * o l % ) (1,3,23)
h/‘*:*]*l*l*l*l*'*‘!*l*
.and so on, Clearly the points denoted by the asterisks become dense o1

the real line. This proves the theorem,
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Corollary 1,3.1, Suppose zero is an interval midpoint in (1.3.23), Then

under the conditions of Theorem 1.3.1 and the choice of
%
2% 175 15
h(R) = N
n *2
£f"(x )

the optimal mean square error

N ¥y 2 *. 4
BG) - £60) |2 ~ 5| EELECD 5H5 4 ol 4w
2143

is attained at any finite number of the points x = kh for k= 0,%#1,+2,,,,
%*

where x  is chosen such that f”(x)zf(x)4 is greatest, However, at

other points in those intervals the mean square error may be as slowly de-

creasing N-2/5.

Proof, Follows directly from (1.3,19), (1.3.23), and (1.3.22),

Corollary 1,3.2, Under the conditions of Theorem 1,3,1, the histogram is

consistent in the integrated mean square error, that is,
) 2
Ef W) - £&x)[7dx ~ 0 -

Furthermore, the choice

2 1/3N-1/3

h(N) = 5
J £ ) ax

implies the optimal rate of convergence

B[ e - £60) [Pax ~ 33 [ £ 00%ad 13273
+ O(ﬁl- + h3) .

Proof, Follows immediately after integrating (1,3.22).

The #istospline

A procedure based on the histogram is the histospline of Bomneva, Kendall,
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and Stefanov [1971]. Given an estimate of a histogram associated with a
data set, the authors propose fitting a spline to the histogram in a man-
ner which preserves areas in each mesh interval for the purpose of obtaining
an estimate of the true density smoother than the histogram, It is shown
that for an appropriate Hilbert space, there is a one-to-one correspondence
between the histogram and the histospline, The authors argue that the pres-
ence of small negative values in the tails should not prove a serious prob-
lem, However, in practical classification schemes it is necessary to com-
pare density values, WNo mention is made of how one might proceed if at
least one of these values should prove negative, Another serious problem

is the fact that the histospline introducgs many local modes as the mesh
interval width decreases, Thus the practitioner is forced to use wide in-

tervals that may camouflage fine structure available in the data,
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II, KERNEL ESTIMATORS

2.1 Description and Consistency of the Kernel Estimator

A fundamental theoretical advance in nonparametric density estimation
beyond the counting estimates of frequency tables and histograms was made
by Rosenblatt [1956], He considered using a central difference of the
sample cumulative distribution function as an estimate of the density, a
form that Fix and Hodges [1951] had used in a nonparametric discrimination
application, Rosenblatt proved that his estimate is asymptotically con-
sistent in both mean square error and integrated mean square error, Rosen-
blatt's estimate is a member of the class of nonparametric density esti-
mators that has come to be known as kernel estimators, However, it was
Parzen [1962] who generalized and popularized the one-dimensional kernel
estimator, His elegant treatment was generalized to multi-dimensional
densities by Cacoullos [19667,

For p-dimensional data, a function. K(+) 1is called a density kernel

if the following conditions are satisfied:

K : RP o rT (2.1.1)
K € L2&P)

j’RP R(y)dy = 1

ess sup K@) < o
X & rP

1im |h”KCx) =0 |,
<l
Let Kh(y) = % K(%) . For a given random sample XiseeesXy o the kernel

estimator has the simple form

N
£y =§ .21 Kh(y - xi) . (2.1.2)
i=
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Clearly the condition that K be a density function insures that £ Will
also be, We note that h is a scale parameter which reflects the spread
or support of Kh . Furthermore, the estimate has equal weights of I/N
on each of the N kernels centered at the data points, That h - 0 as

N -+ o 1is an obvious requirement for consistency of the kernel estimator,
From Bennett, de Figueiredo, and Thompson [19747] we have the following re-
sults concerning the consistency of the kernel estimator and the optimal

rate of convergence,

Proposition 2,1.1, Suppose XyseeosKy is a random sample from f£(.) €

LZ(RP), h = h(N) satisfies

lim k(W) = 0
N—o

lim Nh)P = &

Nosoo
and K(-) 1is a density kernel defined by conditions (2,1,1), Then the
kernel estimate £(.) defined by (2.1,2) is a consistent estimator of

f£f(*) 1in the integrated mean square error; that is,

lim ECEG) - £, = 0

o+]

where
= q 1/q
ol = [1,ploeol® ex] /2 .
To obtain the optimal rate of convergence for a choice of K , we

assume f(.) is three times Gateaux differentiable and that K is sym-

metric, i,e,, K(-x) = K(x) , Then for the optimal choice

1 - 1
Py, i 7
hQ) =|—Ru|PH4 y PH (2.1.3)

2
11y

where
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2
and

P p 2
I= 3% 3 %{%ﬁlj injK(y)dy
173 gP

i=1 j:]_,
the optimal r§te of convergence of the integrated mean square error is
' P p 4 4
¢+ 1)"“‘(||1||§)p+4 yg“‘ w P L omty (2.1.4)

1/5

For the one-dimensional case p = 1, we see that h(N) « N and that the

error is of order N-4/5 . In order to use these expressions for p=1,

an estimate of the following is required;

o
[ £ % ax ' (2.1,5)
-
In practical situations, however, prior knowledge of this quantity is rare,
Fortunately, good estimates can be designed in an interactive mode, a pro-
cedure that is dealt with in some detail in Chapter 5 in connection with
the penalized maximum likelihood algorithm, The idea is to pick h as
small as possible without the variance of the resulting estimator becoming
inconsistent with our prior feelings about the true density, This is an
example of the bias-variance tradeoff that is well known in spectral analysis,
For h too large, we have very smooth estimates, hence a small variance
at the price of a large blas, For h too small, we may detect the fine
structure observable from the data, but at the price of high variance,
The point where the blas and variance of the estimate are both acceptable
has largely been a subjective decision, best resolved in an interactive

mode with the .computer, In section 2,5 we consider a new, more objective

method of choosing h ,
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The Fourier Kermel

If we relax any of the assumptions on the kernmel in (2,1,1), we may
hope to obtain significantly improved rates of convergence to zero of the
mean square error for the kernel estimator. Davis [1975] considers the

Fourler kernel

K(x) = %ﬁ (2.1.6)

which is neither nonnégative nor in Ll(R) , although it is in LZGR) .
Suppose the characteristic function ¢(w) of density £(t) satisfies
T
ot | < 4™ 1] 2.1.7)
for some constants A > 0, p >0, and 0 <r <2, along with one other
technical requirement, Then ¢ is said to decrease exponentially with
degree r and coefficient p . The Normal and Cauchy densities are in

this class with g = 02/2, r=2 and p =1, r = 1 , respectively, When

the kernel scaling factor h(N) is chosen of the oxder (log g;)-llr
Davis shows that —
1im M, S,E, of the Fourier kermel _ (2.1.8)

Moo M.S.E, of any (2.1.1) kernel
where M,8,E, denotes the mean square error of the estimate at some point,

If the characteristic function of f£(t) satisfies the weaker condition

lim lwfq]¢ﬁu)| >0

o
then the characteristic function is said to have algebraic decrease of
order g ., This class includes the chi-squared and exponential densities
with q = %(&egrees of freedom) and q = 1 , respectively, The optimal
choice for h(N) is of oxder N-q/Z , and Davis shows (2,1.8) holds for

In practical terms, the Fourier kermel introduces negative estimates



18

as does the histospline discussed in section 1,3, resulting in the same am-
biguities, To use the optimal results, we need to have strong prior knowl-
edge about the characteristic function of the unknown density, This re-
quirement is much more stringent than, say, prior knowledge of (2.1,5).

The small sample properties of the Fourier kernel are not evident in the

above discussion, In chapter 5, we demonstrate the undesirable small sample

properties of this estimator,

2.2 An Optimal Kernel

Whittle [1958] attacked the problem of finding an optimal kernel for
estimating the density at a point, based on prior information about the
density, without knowledge of Rosenblatt's work, Im section 2.5 we show
that in a sense Parzen's kernel estimator is a special case of Whittle's
estimator when there is no prior information available,

Epanechnikov [1969] observed that the expression for the optimal rate

of convergence of the integrated mean square error (2.1.4) had two factors

involving the kernel:
j‘ K2 (x)dx
and (2.2.1)
J' sz(x)dx
where we congider the one-dimensional case p = 1 ., Following Rosemblatt
[1971], this leailds one to consider the optimization problem
mini;nize J'K2 (x)dx 2,2.2)
subject to Jk(x)dx = 1‘
K(-x) = K(x) > 0
Isz(x)dx =1,

In a short variational argument the optimal kernel is calculated to be
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3/ 5B - x2/5) 1£ |x] <5
Kx) = (2.2,3)

0 otherwise .
This is a nonnegative function with finite support, Bennett, de Figueiredo,
and Thompson [1974] chose a B-spline for the kernel function partly because
of this property, Philosophically, kernels with finite support seem attrac-
tiv; on the grounds that the resulting density has zero mass in the tailsi
only when théoretical considerations have lead to a specific parametric
density should we feel confident about estimates in the tails outside the
range of the data,

A criticism of Epanechnikov's kernel is that it attempts to minimize
the bound on the error,which may not be a sharp bound, We see that this
kernel is minimax in flavor, trying to minimize the worst that might hap-
pen, A generalization of Epanechnikov's work may be found in Kazakos [19757,

We consider the problem complementary to (2.2,2) where we reverse the
roles of the two factors (2.2,1) involving the kernel in the optimal error
expression (2,1,4): o

minimize J%zK(x)dx

subject to JK(x)dx =1

K(-x) = K{x) > 0
Jk?(x)dx =1

It is a straightforward exercise to verify that the kernel solving this

problem is

5 25 2 3
K(x) = Z-(l -5 y for lx] S_E (2.2.4)
and zero elsewhere, If we scale x by a factor 5¢§/3 , (2.2.4) is iden-
tical to the kernel (2,2,3) obtained in the original problem (2,2.2), It

ghould be mentioned that using kernels with finite support has definite

computational advantages,
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2.3 An Optimally Smooth Kernel Estimate

Whittle [1958] considered finding estimates of a density function at
a point x in an optimal fashion using a kernel estimator, His kernel de-

noted by wx(-) depends on x , His estimate takes the form

=2

tx) =

2 | s

lex(xj) . ) (2.3.1)
j::.-

Whittle assumes that the number of observations N i1is a Poisson variable

with mean M , The kernel is chesen to minimize the expected mean square

error
2 2 2
& = EE () - £()] (2.3.2)
where ES denotes expectation with respect to the random sampling, and
EP denotes expectation with respect to the prior distribution of the ordi-
nates of the unknown density function,. In particular, functions p(x) and
p(x,y) are assumed known a priori suck that
B (M ()] = )

EP[Mf GME(Y)] = plx,y)

(2.3.3)

where M 1is the Poisson mean described above, Then the optimal kernel
wx(y) minimizing (2,3.2) solves the integral equation

@ (1) + [uly,2e (2)dz = uly.x) . (2.3.4)
Whittle notes that wx(y).v §(y-x) for large expected sample sizes and
that mx(y) is invariant to scalings of the density function, In this
general case for a given sample he can demonstrate neither that his esti-

mate is nonnegative nor that his estimate applied everywhere integrates

to one,

For convenience Whittle defines the normalized kernel §x(y) and

normalized covariance function «(%,y) by
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§. () = u ()

W (x)
(2.3.5)
(x,y) = 20y)
Y © )
s0 that equation (2,3,4) becomes
E. + [y(r,2)E, (2)dz = v(,x) | (2.3.6)

As a special case he considers a normalized covariance function that
{s second-order stationary, in keeping with the time series flavor of his
approach, Whittle notes this assumption is plausible if the prior pl)
is a diffuse uniform density, Reﬁlacing v(x,y) with K(y-x) according
to the second-order assumption, the optimal kermel gx(y) must satisfy

the integral equation

b
.0 + | K(y-2)§ (2)dz = K(y-x) .. (2.3.7)
5 ‘

We have the following proposition:

Proposition 2,3,1, Suppose K(.) satisfies

‘bb 9
Ij [K(y-x)] dxdy < (2.3.8)
aa

where the interval (a,b) may be infinite, Then equation (2,3.7) has a
unique solution §x(y) in L2(-m,m).
Proof, If (2,3.8) is satisfied, then the operator T(+) defined by
T = Jz K(y-z)T(z)dz is a Hilbert-Schmidt compact operator, Thus
equation (2,3,7) may be written in the form (I+T)§ =K , an equation for
which solutions exist and are unique,

Assumiﬁg (a,b) = (-w,x), Whittle takes the Fourier tramsform twice

in equation (2.3.7) to solve for the optimal normalized kernel as

= Lo(y-x)
= _l_. e k(w)
£ () = g T dw (2.3.9)
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where k(w) is the Fourier transform of K(x) , Whittle has made use of
the convolution theorem to solve for (2,3,9), However, it is customary
(see Stein [1971], p. 3) to assume that both K{(-) and gx(-) are in
Ll(-o,a) for the Fourier transform of the cd%volution to exist, As a par-
ticular choice of K(.), Whittle considers

k) = via+ e YD) 2.3.10)
where v is the average density of observations and «, B, and y are non-
negative constants, Clearly, for g« # 0, RK(-) is not an Ll(-m,m) func -
tion, However, using (2.3.9) Whittle solves" for the optimal normalized

kernel with the result

g ) = 3%“ o~0lyx| (2.3.11)
where
9 A
8 = (2vBy + y )* (2.3,12)

We note (as Whittle does) that gx(y) does not depend on the choice of «,
Therefore, solving the problem for o and ' should lead to the same
solution gx(y) ., Substituting gx(y) _into equation (2.,3.7) for the values
o and @' and subtracting implies

JIK (5-2) - K 1 (y-2)]§, (2)dz = K (y-x) - K, (y=%)
or

J v - va')E (2)dz = va - va' (2.3.13)

We have the following:

Theorem 2.3,1, A necessary condition for gx(') to be the solution of

the integral equation (2,3,7) with covariance kernel (2.3,10) for arbitrary

o 1is that

[ e )z =1, (2.3.14)
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Proof, The proof follows immediately from (2,3,13),

We may take (2,3.14) as a constraint that must be satisfied by the
solution to (2.3,7)., If a solution happened to satisfy the constraint for
a particular choice of ¢, B, and y , then clearly it would not for a
slightly perturbed value of y or B , For the particular solution {2.3.11)
to problem (2.3.7) with covariance kernel (2,3,10) this integral condition

is easily seen to be

2v8y _
62 )

Using the definition of 8 (2,3,12), we have immediately that YZ = ()
which in turn implies g = 0 , Thus we have shown

Theorem 2,3,2, Equation (2,3,11) is never a solutien to problem (2,3,7)

with covariance kernel (2.3,10) for arbitrary o .
Proof. The solution (2.3,11) is undefined for v =0,

If we considexr o« = 0 , then KO(-) is an Ll(-m,m) function and the
solution given is correct, as may be verified by direct substitution,

Let us see how the second-order stationarity assumption allows us to
view Whittle's estimator as a Parzen estimator, that is, to estimate the
entire density with one kernel,

We claim that gx(y) = go(y—x) , that is, the functions gx(-) and

gx,(-) solving equation (2,3.7) -for any x and x' are identical in form,

{Ex(y) /';x. (v +x' - x)

™Al
<4 --
L

0TI

This is equivalent to saying:
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Theorem 2.3.3, The optimal normalized kernels solving (2.3.7) under assump-

tion (2.3.8) on the real line at any two points x and x' satisfy

.M =g (y+x' - %), (2.3.15)

Proof, Recall that gx(y) uniquely satisfies by Proposition 2,3.1

£, + | Ry-2)g, (2)dz = K(y=x) ¥y .

Making the change of variable y - w + x - x' which has Jacobian of unity,

we obtain

[-=]

gx(uﬂ-x-x') + | R(wtx-x'-2)g_(2)dz = K(wx") .

Transforming again z - v + x - x' , we obtain

- .
g, (wkx-x") + s K(w—v)gx(v-l-x-x')dv = K(w-x') .
-
Replacing @ —» ¥, v~ z and exchanging x and x' , we finally have

g (yix’=x) + [ R(y-2)E . (ztx'-x)dz = K(y-x) .

As a function of y gx.(yﬂ-:'—x) solves equation (2.3.7). Since §x(y)
was the unique solution of (2.3.7), we must have (2.3,15), verifying our
claim that §x(y) = go(y-x), choosing x' = 0,

Now let us suppose that y,(x) is rectangular on a very large interval
as Whittle describes as sufficient for the second-order stationarity assump-
tion, Approximately, we suppose ﬁ_%‘_)l =1 for all x,y . Then by (2.3.5)
the unnormalized kernel mx(y) is identical with the normalized kernel

E,(y) and Whittle's estimate becomes

1 N
flx) = N .E go(x-—x )
1:

which is the form of a Parzen estimator. For his particular choice of

Ka(-) with o = 0, the estimate is
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~ N -9jx-x,
£(x) = ﬁﬂifz e I Jl
®i=1
o
which can be normalized for a particular sample so that | £(x) = 1 ; the
=

nonnegativity of £(x) is obvious,

In summary, we see that in the case of second-order statiomarity of
the prior covariance function with constant (i,e,, "informationless") prior
ordinate values, the optimal Whittle estimator takeé the form of thé Parzen
estimator, The generalized Picard kernel (see Davis [1975], p. 1026) re-

sults from the particular choilce of XK(X) = vBe-le[ for a fixed sample,

2.4 Unequal Weights for the Kernel Estimator

A naturai question to be answered concerning the Parzen estimator is
whether it can be improved, We consider allowing the estimator to place
unequal weights on the kernels, We choose these weights to maximize the
likelihood function (1.3.3). Specifically, for a choice of kermel Kh(-)

we find the weights « %y that solve the following constrained opti-

1’.'.,
mization problem:
N
maximize 1 foi) (2.4.1)
i=1
- N -
where f(y) = i};':lafiKh(y-xi) (2.4.2)
sub ject to oy >0 i=1,N
N
X @ = 1, (2.4.3)
i=1l

The first constraint guarantees that £(y) > 0 , while the second con-
straint assures us that £(.) integrates to one.

Following de Montricher [1973], we first establish the existence of

the estimator (2.4,2) solving (2,4.1).
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Proposition 2.4.1, IFf P i=1,N is a set of linearly independent prob-

ability densities on (~-=,®), then there exists a function W of the form

N
Wit) = Z a0, (£
i=1a1¢1

N
which maximizes the likelihood I W(xi) ameng all functions of this form
N i=l
subject to the constraints 2 @ = 1 and a, >0 for i=1,N,

i=1
Proof, Let Bj denote the value of W at Xj and let g = (Bl,...,BN)t.

Therefore, by definition,

N
i=1
If we define a square matrix A by its components Aji = ¢i(xj) , 1,3 =

i,N , then equation (2.4.4) becomes B = Ay , where o = (al""’aﬁ)t .

This shows that B depends continuously on ¢ ; hence, the likelihood is
a continuous function of ¢« , Clearly the constraint set for o 1is a

compact set in RN . This proves the proposition,

Proposition 2,4.,2, If K is a nonzero function in Lz(—m,m) and [xi}

i = 1,8 is a set of N distinct points on the real line, then the func-
tions {K(t—xi)] i = 1,N are linearly independent,

In view of the kernels advocated by Epanechnikov [1969] and Bennett
[1974], it is of interest to consider the case where K has finite support
and is a probability density, Although kernels are generally assumed to be

in L?(-m,m), for kermels of fimite support in LF(a,b), we have the following

result, )
Proposition 2.4.3, If K 1is a probability density function with finite

support on an interval ({a,b) and {xi] i =1,N is a set of N distinct
points on the real line, then the functions {K(t-xi)} i=1,§ are lin-

early independent,



27

Proof, We assume without loss of generality that X < %, <...< X and

that (a,b) 1is symmetric about the origin, that is, a = -b . Suppose
N

4(t) = T o R(t-x.) = 0 in IP(-e,0) . On the interval (x,-b,x,-b) we
1=1 i i ’ 1 2

see that {(t) = alK(t-xl), since this is the only term where the kernel

is nonzero, This implies that o, = 0 in order that () = 0 1in the
1 ¥

1P sense on the interval (x1~b,x ~b) , which has positive Lebesgue measure

2

by assumption, Continuing this reasoning inductively, we conclude that

¥ 5 Qg T ae. S0 T 0 , proving the proposition,

Remark, For a continuous density function, the assumption that the

random samples Xyseeer¥y are distinct holds with probability one.

To study the uniqueness of the weights in (2.4,2), we begin by looking

N
at the convexity properties of the likelihood M W(x,) .
i=1
N N
Proposition 2,4.4, The functional Q:R+_ﬂ R defined by o(B) = 1 Bi .
i=]1

where B = (Bl,...;BN)t and Bi >0 for i = 1,N , has at most one maxi-
mizer over any convex subset of Rf .

Proof, Suppose (B) = ¢(§) = , Then

N N _
% log 8, = ¥ log B, = log C ,
. 1 . 1

i=1 i=1

Let E(8) = o6y + (l-BfE) for § € (0,1) , Then using the strict con-

cavity of the log, we have
N N _
log E(8) > 6 Z log B; + (1-8) & 1log Bi = log C .
. i=] i=1
Since the log is strictly increasing, E(8) > C for € & (0,1) ., This

proves the proposition since two distinct maximizers would lead to a con-

tradiction,
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Proposition 2,4,5, Any two solutions to the maximum likelihood problem

stated in Proposition 2.4,1 coincide at the sample points {xi] i=1,N,

Proof, Utilizing the notation introduced in previous propositions, the

likelihood can be written as

3@) = o)) .

fet T denote the constraint set for « as in proposition 2,4,1, Maxi-
mizing J subject to the constraint o € T is equivalent to maximizing

¢ over A(T) . It follows that A(T) 1is convex and compact, The likeli-
hood ¢ is continuous; hence it has 2 maximizer say E over A(T) . More-
over, this solution is unique by Proposition 2,4.4. It follows that the

set of all solutions to the original problem (2.4,1) is {o € T]Aa = E} .
This proves the proposition,

De Montricher [1973] demonstrates a kernel where (2.4,1) does not have

a unique solution, Thus the matrix A is not invertible in general, We

answer de Montricher's question of uniqueness by making the following sto-

chastic statement which gives sufficient conditions for A to be invertible

for certain kernels:

Theorem 2,4,1, Suppose that the kermel K is nomnegative, symmetric, and

strictly positive at the origin, that is, K(x) = K(|x]) and K(0) > 0,

Suppose that the sampling density is absolutely continuous, Furthermore,
assume that for all x such that K(x) # 0, p{y:K(y) = K(x)} = 0 , where
u denotes Lebesgue measure, Then with probability one, A is invertible

and problem (2.4.1) has a unique solution for a fixed sample size N ,
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Proof, (By induction), Let kb = RK(0) , For N = 1 using the notation of
the previous propositions, the matrix Al = [kb]’ where the subscript on

A specifically denotes N ., Thus A1 is nonsingular since K(0) # 0 by

hypothesis,
For N =2
ko K(Al )
27 ka,  x
12 o]

where Aij = |xi - xj . Az is nonsingular if K(Alz) # ko which occurs
with probabllity one, ©Now suppose after N samples AN is nonsingular,

We take another sample x We inquire about the nonsingularity of

N+L
Ay : b
R
f
where Aij = AJ.i = K(Aij) » by = K(Ai,N+l) , and ¢ = K(AN+1,N+1) =k

i
for i,j = 1,N . Does there exist an_(N+l) x 1 vector v = (ytia)t #0,
where vy 1s an N x 1 vector and ¢ is a constant such that AN+1V =07
Suppose so; now AN+1V = 0 is equivalent to the pair of equations

0 (2.4,5)

]

ANY + be

i

by +ca=0 . (2.4.6)

First suppose o = 0 , Then ANY = 0 which in turn implies vy =0,

since AN is nonsingular by the induction hypothesis. But ¢ = 0 and
v =0 gives v =0, contradicting our assumption that AN+1 is singular,

We note that if % = xj , then two xows of AN+1 would be identical and

A singular,

N+1
Now for o # 0 we have from equation (2.4.5) that

¥ = -Alglbcr .



30

Substituting this value for v dinto equation (2.4.6) , cancelling an o

factor and noting that ¢ =k , we obtain an equation for b

btA;T]"b =k 40 , (2.4.7)
Solutions of equation (2.4.7) determine the vector v and lie on a surface
in RN known as a “central quadric! (see Noble [19697, p, 391) since AN
{s symmetric, Clearly b = 0 is not a solution of equation (2.4.7).

Since the sampling density is absolutely continuous by hypothesis and K
does not assume the same nonzero value on a set of positive measure, the
probability that el results in a vector b satisfying (2,4,7) is zero,

Therefore, with probability one AN+1 is nonsingular, proving the proposi-

tion,

Preliminary Numerigal Results

We may now consider the effect of optimizing the likelihood of the
Parzen estimator with unequal weights, No theoretical conclusions have as
vyet been made, so several computer simulations motivate the following,
Using the quartic kernel K3 given in Table 2,5,1 on several random samples
of size 25 from the standard Gaussian distribution, we immediately see that
most of the weights are set equal to zero, In fact, no more than four
weights were monzero in our few trials, The kernel scaling parameter h
was chosen as the best value for the usual Parzen estimator., The finite
support characteristic of the kernel seemed to play a dominant role in the
resulting kernal weight estimates, Sample points outside the range of a
single large kernel weight near the mean required a small weight to get a
positive likellhood, The resulting estimate retains the character of the
particular kernel, but involves few kernel evaluations, Some fruitful re-

search should be possible in this area, An algorithm similar to the one
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presented in Chapter 5 was used to calculate the optimal weights,

2.5 A Data-Oriented Procedure for Picking the Best h(N) Value for a
Sample from an Unknown Density

For a univariate density we know from (2,1,3) that the asymptotically
optimal choice of h(N) for a given kernel XK(y) in the Parzen estimator

of fofx) is of the form

hQN) = a(x)g(fo)u“1/5 (2.5.1)
where
jk(x)zéx 1/5
R) = { e 2.5.2)
[Jk R(x)dx]
and
Be) = [JE @ a1 (2.5.3)

In this section we consider a procedure based only on the samples
Xpseees¥y for choosing a value of h(N) without any prior knowledge of
B(E,) -

We first remark that equation (2,5,1) gives the asymptotic optimal
choice for h{(N) that minimizes the integrated mean square error, For
small sample sizes, (2.5.1) gives the choice of h(N) that is optimal
only on the average over all possible random samples of size N ., Suppose
we know the true density £(x) ., Then for a given sample of size N and

kernel K(y) , there is a value h%*(N) that actually minimizes the inte-

grated mean square errox

. N 2
e g=) - £ £o0y . (2.5.4)
- | i=1

This value h*(N) which we call the best choice will be close to the op-

timal value given by (2,5.1).

Suppose for a given sample we have a good estimate of h(N) with
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the kernel K call it hl . We propose using (2,5,1) to get a good esti-
mate of h(N) for any other kernel X, » call it h, , by scaling h1 as

follows:

a(KZ)

We shall present a procedure for finding a good estimate for the Normal

kernel and then argue that an application of formula (2.5,5) will give a
good estimate for any other kernel satisfying (2,1.,1) , 1In order to pre-
sent empirical evidence of (2,5,5), we introduce four kernels, The first

three have their support on the interval [-1,1],

TABLE 2,5,1
R(+) : o (K)
R, ) =-21- ly| < 1} 1.3510
K, (y) = 1- [y] ly] < 1] 1.8882
15, 4 15 2
K3(}') = Tg(y +1) - g 7 lvy] < 1| 2.0362
1 -y2/2
R =Fp=e ly[ < = | 0.7764

The first two kernels are the box and triangle, respectively, The third
kernel is a quartic polynomial with coefficients chosen so that K(y) and
K'(y) wvanish at y =+ 1 with the usual integral constraint, In prac-
tice, K3 results in estimates virtually indistinguishable from the Gaussian

kernel K Tremendous computational advantages result from using the

4 .
finite support of K3 and avoiding exponentials,
Three data sets were generated, For several of the kernels given in

Table 2.5.1, the best choice of h(N) was computed; a line search was used
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to find that value h* minimizing a Simpson's rule approximation to the
integrated mean square error (2,5,4). The first data set was a sample of
size 10 from the standard normal density, The following table summarizes
the values hg obtained by minimizing (2,5.4) with kernel Ki . The

extrapolated estimates hj were obtained using (2.5.5):

TABIE 2,5,2, Sample of size 10 from N(0,1)

Good hi value extrapolated by (2,5,5) from
Best hi value hf hf h§
hf = 11,1561 - 1.21 1.20
h§ = 1,6933 1.62 - 1.68
hf = 1.8117 1.74 - 1.83 --

A second data set was

TABIE 2,5.3,

a sample of size 100, also from the N(0,1),

Sample of size 100 from N(0,1)

Good h, wvalue extrapolated by (2,5.5) from

i
Best hi value h? hg hg
h¥ = 0,6890 -- 0,75 0.74
h¥ = 1,0478 0,96 - 1,04
h = 1,1189 1,06 1,13 --

The third data set of size 100 was from the bimodal mixture density

2 N(-L5,1) + 5 N(LS, D
Sample of size 100 from mixture density

TABIE 2,5,4,

Good h, value extrapolated from

i
*
Best hi value h§ h4
hg = 1,0500 - 1,09
hz = 0,4148 0,40 --
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Thus application of formula (2.5.5) is seen to give estimates of h*(N)
for the other kernels with a relative error of less than 9%,

It may be shown that for the Parzen estimator £ based on the Normal

kernal K4 , given a sample KiseeesXy and any h> 0

o N N
¥ f“(y)zdy = ———-—3—-§- Tz [h4 - (:vc.-xk)2
- 8/ ¥h' j=1 k=1 J
2,,.2
-(x,-x, )" /&h
+ %f (xj-xk)4] e 3K . (2.5.6)

The proposed procedure is to plot (2,5,6) for a range of values of h>0,
Empirical evidence suggests that (2,5.6) is nearly zero for large values

of h , On the other hand, as h approaches zero, (2,5,6) blows up at

least as fast as an exponential, Intuitively, as h decreases from a

large value, the increase in (2.,5.,6) is due to an improvement in the approx-
imation of the Parzen estimator to the true density, As h approaches zero,
the rapid increase in (2,5.6) results as the Parzen estimator begins to
resemble a linear combination of equally weighted Dirac spikes, Between
these two extremes the best h for the'data lies, Finally, an application

of (2.5.5) will give a good estimate for any other kernel,

Remark, TFor the best h , (2.5.6) will generally be greater than the simi-
lar quantity associated with the true density found in (2.5.3). This dif-
ference is due to the small variations in the best Parzén estimate not
found in the true density.

As empirical evidence we consider six samples from a total of five
densities, In Figure 2,5,1 the computed best h from the line search al-
gorithm is marked on the curve in each graph, The theoretical values of

h(N) and f"(x)zdx are marked on the axes where applicable, We plot.
o P



1000,0
100,0
10,0
1.0

0.1

0,01

0.1

0,01

0,001

10000.0
1000, 0

100,0

10,0

1,0

0,1

.

FIGURE 2,5,1,

35

Graphs of Equation (2,5,6) vs, h
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the results on semi-log paper to accommodate the wide variation in the
computed values of (2.5.6),

In section 2,1 we discussed the interactive mode for choosing h in
light of the bias-variance tradeoff, Using graphs such as those in Figure
2.5.1, the process of decreasing h wuntil the variance of the estimate is
unacceptable may be performed, On ghe semi-log scale we consiéer the curve
in three portions., In the first portion, the quantity (2.5,6) for the es-
timate increases in an approximately linear fashion as h decreases, In
the next portion of the curve, which looks like a heel, the quantity (2,5,6)
increases more rapldly, For h's in the heel, the fine structure of the
true density becomes apparent in the corresponding estimate, Finally,
above the heel as an h approaches zero, the quantity (2.5.6) becomes in-
finite with the Dirac spike estimate, Choosing h at the beginning of ex-

ponential part of the heel is recommended in view of the remark preceding

the last paragraph,

2,6 A Quasi-Optimal Procedure

We propose an algorithm based on functional iteration to calculate ’
automatically the best h for a random sample from an unknown density,
Let h(o) be an initial guess, Let PB(h) denote the quantity (2.,5.3)

corresponding to (2.5.6) for the Parzen estimate with that choice of h :
[+ ]
. 2, .-1/5
sy = [ | "niay1 @2.6.1)
-
Using the Gaussian kernel and (2,5,1), consider

G s A TCL0
or in general

) (2.6.2)
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1et£ing

-1/5

1@®)y = w3 g 2.6.3)

where the superscript on h denotes the current iteration number, If

RFD L w40 2.6.2), we define this value of h to be a solution.

Thus we are looking for nonnegative values of h where the two functions
Py (h) = h

@y (1) = q(h)

(2.6.4)

agree, For a given sample X seee ¥y We may graph (2.6.4) for all h

N
using (2,6,3) and (2.5.6) and observe where the functions intersect. To
examine the behavior of (2.6.4), we examine (2,5,6), For large values of

h , (2.5.6) is approximately

3 NN 3
—— 3579 2 L h = 3
8/i Wh' j=L k=1 8/ h
or
1/5
p(h) ~ (84:,’@) +h ash- o . (2.6.5)

As h-0, (2,5.6) - = ; hence,

g(h=0) = 0 , (2.6.6)
- Therefore, using (2.6.1), (2.6.3), (2.6,5) and (2.6.6), we have
q(h=0) = 0 (2.6.7)

and

q(h) w~ (g_N)l/s +h as h-wo , (2.6.8)

At h =0 the functions (2.6,4) agree, We call h = 0 the degenerate
solution, From (2.6.8) for N> 1 we see that q (h) 1is approximately
linear with slope less than one, Thus the functions (2.6.4) can agree only
for small values of h . We call the largest value of h where the func-

tions (2.6.4) agree the quasi-optimal value of h , Clearly this value
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FIGURE 2.6,1, Plots of Functions (2.6,4) vs, h
For Several Samples P1




FIGURE 2,6.2,

Plots of Functioms (2.6.4) vs, h For Several Samples

P
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exists and is unique, although it may be degenerate,

In Figures 2,6,1 and 2.6,2 we graph the functions (2,6.4) for several
random samples, In Figure 2,6.1 we see that several -solutions may eXist
buththe quasi-optimal solution is unique, The nondegenerate solutions are
marked on these graphs, In Figure 2.6.2 the asymptotic behavior predicted
by (2.6.8) is clearly evident,

The functional iteration algorithm (2,6,2) is ideal for finding the
quasi-optimal solution without the possibility of converging to another
(0)

golution, We simply pick h large enough so that we are on the linear

portion of q(h) . The iterates look like:

/‘Pl

(0

quasi-
optimal h

e

L@

FIGURE 2,6,3
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Convergence is fast away from the solution, A Newton's method step may be
inserted alternately to speed up convergence near the solution, rejecting
the Newton step if it is "too big," A necessary condition for h¥* éo be
quasi-optimal is |q'(h*)| < 1 ; that is, the functional iteration scheme
will converge to h* only if this condition is met,

Several Monte Carlo studies were performed using the quasi-optimal
algorithm, Six densities were tried (the Bimodal form is given before
Table 2.5.4 and the Cauchy density has scale parameter one), Twenty-five
random samples of size 25 and 100 were generated for each of the six densi-

h(o) was taken to be one, Of the 400 samples gener-

ties, In all cases,
ated, 370 converged using Newton's method alone, usually in four iterationms,
The necessary condition [q'(h)| < 1 was verified, Of the vemaining 30
samples, functional iteration indicated 12 were degenerate, A solution was
accepted as quasi-optimal if |h-q(h)| < 107 . In Table 2,6,1 we summarize
the results of the Monte Carlo study, The mean, standard deviation, and
range of the calculated (nondegenerate) ﬁﬁééi-optima} solutions are given
along with the theoretically optimal value given by (2.1.3).

For the quasi-optimal and the theoretically optimal choices of h ,
the integrated mean square error was estimated for the samples generated
in Table 2.6,1, The calculation was performed using Simpson's rule on the
interval (-5,5) with mesh spacing of a tenth, We remark that for the

¥ density, the interval was (-2,8) . 1In Table 2,6.2 we summarize the

10,10
results of this exercise, The mean and standard deviation of the estimated
integrated mean square error for the quasi-optimal and theoretically opti-
mal choices of h are given, The efficiency is simply the ratio of the

two estimated means. In Chapter 5, with these same samples, a sensitivity

study is summarized, The integrated mean square error is calculated for
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those h's differing from the optimal h by a factor of two, The effi-
ciency for these choices of h is generally worse than the efficiency of

the quasi-optimal choice,
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TABIE 2.6.1. Monte Carlo Results for Finding the Quasi-Optimal h
(Each row represents 25 samples,)
Sample

Density Size Depgenerate Mean Std, Dev, Range Theoretical
N(0,1) 25 1 54 .17 .20 - 80 .56
Bimodal 25 2 vy Al 09 - 1.35 .66
cauchy 25 i .65 .25 .26 - 1,09 1
u(-1,1) 25 1 .21 12 02 - 39 -
ts 25 0 .59 .19 25 - .96 L4l
FlO,lO 25 2 .25 .09 L02 - 42 .20
N(0,1) 100 0 .35 10 09 - 51 42
Bimodal 100 0 .43 A7 A2 - 76 .50
pauchy 100 0 .37 .12 .16 - .62 A4l
u(-1,1) 100 4 A4 .04 07 - .23 -
tg 100 0 37 .09 L3 - .54 W31

100 1 .15 .04 .05 -~ 20 .15

Fio,10
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TABIE 2,6.2. Integrated Mean Square Error Using the
Quasi-Optimal h vs. the Theoretically
Optimal h

Quasi-Optimal h Theoretical h
L - e,

Number of Sample _ ( \
Density Samples Size Mean Std, Dev,' Mean Std, Dev, Efficiency

N(0,1) 24 25 .0066 ,0057 .0043 ,0032 657%
Bimodal 22% 25 ,0037 .0053 L0014 L0011 38%
ts 25 25 .0056 .0031 .0048 ,0023 86%
FlO,lO 22% 25 .0172 .0120 L0157 ,0106 91%
N(0,1) 24% 100 .0019 .0013 L0013 . 0008 68%
Bimodal 23% 100 , 0008 .0004 . 0005 . 0003 63%
t5 | 25 100 ,0021 ,0028 .0016 .0010 76%
FlG,lO 24 100 ,0091 ,01;3447 . 0067 . 0052 747

% The largest one or two I,M,5_E, values were omitted because the corre-
sponding quasi-optimal h was nearly zero, The values omitted were
Bimodal 25 (,0248), F10 10 25 (.8049), N(0,1) 100 (,0178), and Bimodal
100 (,0055, ,0056), ?
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IIT, NONPARAMETRIC MAXIMUM LIKELIHOOD DENSITY ESTIMATORS

3,1 Intreduction

Following the success of the maximum likelihood philosophy in the
parametric density estimation case it was only natural that attempts would
be made to employ the principle of maximum likelihood in the nonparametric
case, Given a random sample xl,.;;,xN from a density function defined
on the set Q = (a,b) , we define the likelihood that a function £ € Ll(Q)

gave rise to the random sample as
N
L(f) = 1 fCKi) . (3.1.1)
i=1
If we pick a manifold H(Q) C:Ll(Q) , we may consider the following con-
strained optimization problem:
maximize L(f)
(3.1,2)
subject to £ € H(Q) , I f{t)de =1 ,
and £(e) 20 ¥teQ |

The integration is with respect to Lebesgue measure, Any solution to prob-

lem (3,1.2) is defined to be a maximum likelihood estimate based on the
sample xl,...,xN . As discussed in Chapter 1, unless a specific functional
form for the density is assumed in H(Q) , we shall refer to all solutions
of problem (3,1.2) as nonparametric, Perhaps a further distinction is re-
quired based on the dimensionality of the manifold H(Q) . We shall mainly
be considering infinite dimensional manifolds and approximations of such
manifolds,

The difficulty with problem (3.1,2) as stated is that a linear c¢combi-
nation of Dirac delta fumctions at the sample points satisfies the con-
straints and results in a value of +w for the objective likelihood func-

tional, Clearly, while this estimate is representative of our sample, it
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does not reflect the true population demsity, Unfortunately, most infinite
dimensional manifolds can approximate delta functions, De Montricher, Tapia,
and Thompson [1975] note that continuous functions, differentiable functioms,
infinitely differentiable functions, and polynomials enjoy this approxima-
tion property., Thus for these choices of H(Q), the maximum likelihood es-
timate does not exist, For finite dimensional manifolds H(Q) we may ob-
serve poor robustness, i,e,, we may be unable to approximate a wide range
of potential "true" densities,

One solution to our dilemma is to pick a finite dimensional manifold
in a very judicious manner, We have seen in Section 1,3 that the histogram
ig the maximum likelihood estimate for H(Q) given by (1.3.1), Further-
more, the histogram enjoys the property of consistency, In section 2.4 we
considered another example of a maximum likelihood estimate based on un-

equal weights in the kernel estimator,

Wegman, in a series of papers [1969, 1970, 1976] considered a maximum

1ikelihood estimate similar to the histogram, His class of admissible esti-
mators H(Q) is the simple functions., The unusual feature of his H(D)

is that the mesh is determined by the samples themselves, In the earlier
works, the estimate was taken to be upper semi-continuous with mesh nodes

at each sample point, This estimate proved to peak dramatically at the
mode, Consequently, he was forced to assume prior knowledge of the loca-
tion of the mode, introducing a modification that avoided the problem, In
the most recent paper he observes that for a fixed number of nodes the op-
timal placement of the nodes with respect to the maximum likelihood criterion
15 at the sample points, Clearly the estimate is zero outside the sample
range [xl,xN] . Firally, demanding that for m intervals there be at least

k points in the closure of each interval, he proves density consistency
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as N - « for appropriate rates of increase for m and k as functions
of N ., In this manner Wegman avoilds the problem of peaking at the mode,

A second solution to the problem of guaranteeing existence for prob-
lem (3,1,2) was introduced in 1971 by Good and Gaskins [1972] . The authors,
in fact, did not prove existence of solutions, In 1973, de Montricher, et al,
[1975] proved both existence and uniqueness of sclutions to the problem
posed by Good and Gaskins, In the following sections we discuss the prob-

lem and extend the results to cases of practical interest,

3.2 The Maximum Penalized Likelihood Estimate

To avoid the difficulty of delta function candidates in problem (3,1,2),
Good and Gaskins [1972] suggested formulating a penalty functional
§:H({Q) - R + which would evaluate the smoothness of a particular density
estimate on an interval scale, Here by the motion of smoothness we do not
mean f has many continuous derivatives,. Rather, we wish to avoid rapid
oscillatory behavior in the estimate, To satisfy the nonmegativity con-
straint the authors chose the sometimes dangerous trick of working with
A/? ., De Montricher, Tapia, and Thbmpson [1975], whose results we shall
present below, prove that working with .\/E is not always equivalent to
working with £ in the presence of a nonnegativity constraint,

We now define the -penalized likelihood of £ € H(Q) by

() =
i

==

1f(xi) exp(~8(£)) (3.2,1)

for a give:i sample XisenssXy o Consider the constrained optimization

problem

maximize  TL(£)
(3.2,2)

subject to £ € H(Q) , I F(e)de =1
Q
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and £(£)>0 ¥teEq .

Any solution of (3,2.2) is called a maximum penalized likelihood estimate

(M,P,L,E,).

The structure avallable with a Hilbert Space makes it a natural choice
for H(Q) . In particular we have the notion of orthogonality available
with the inner product, The norm induced by the inner product is
given by [[£[ = (£,£) for £ CH(®. If £ - £ in H(Q) dimplies
fn(x) « f{x) ¥ x € 0, then point evaluation is a continuous operation,
In this case we say that H(Q)) is a reproducing kernel Hilbert space
R.K,H,S8.),

We shall require that H(D) contain at least one feasible solution
£ for any xl,...,xN where xg € (1. Then there exists f € H() such

that

JEwae =1, £(e)>0 #teaq,
o (3.2,3)

f(xi)> 0 for i=1N |,

and

The following theorem from de Montricher [19757] gives sufficient conditions

so that solutions to problem (3,2,2) exist and are unique,

Theorem 3.2,1.  Suppose that H(Q) is a R, K H.S,, integration over (Q is

a continuous functional and there exists at least one f ¢ H(QQ) satisfying
(3.2.3)., Then the maximum pe.naliéed likelihood estimate exists and is
unique,

Proof., The constraints in (3,2,2) form a closed convex subset of

{f € H(Q):f(xi) >0, 1i=1,N}. It may be shown that the penalized like-
1ihood function is bounded from above. Combined with the weak compactness
of the unit ball in H(Q) the above results lead to the existence of a

maximizer, The second Frechet derivative of the log L(f) is negative
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definite, Hence, L(f) 1is strictly concave and has at most one maximizer
on a convex set,

In section 3,3 we will motivate penalty functionals ] involving
integrals of various derivatives of £ squared, Thus a natural choice
for RH{(Q) 1is a Sobolev-space of order s denoted by Hs(a,b) . If s
is an integer, then £ € Hs(a,b) if and only if £, f(l),...,fcs) € I?(a,b)
and the norm is given by ‘

il = Sl (3.2.6)
sb) i L (a,b)
where o > 0 and oo > 0 . The interval {(a,b) may be infinite in
the above, 1If the interval is finite, we define f to be zero outside

(a,b). To apply Theorem 3,2,1, we need the following lemma:

Temma 3.2.1, The Sobolev space Hs(a,b) is a R, XK,H,85, if and only if

§>% , In such a case, integration on (a,b) is a continuous linear

functional if and only if (a,b) 1is a finite interval,

Remark, Theorem 3,2,1 and Lemma 3.2,1 imply that the M,P ,L.E, correspond-
ing to H{Q) = Hs(a,b) where s> % and (a,b) is a finite interval is
well defined, If we define for integer values of s and finite interval

(a,b)

Hg(a,b) «{f em@,p):eP @y = P

(b) =0,1-= 035'1} (3-2-5)
we may show the M,P,L.E, is well defined for

Ho(a,b) where |£|? = J, SO (3.2.6)
We note that the norm in (3.2,6) is a natural choice for the penalty func-

tional &(£f) in (3.2.2). For an infinite interval, we have to consider

norms such as
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e = J T ue)e® ey2ae (3.2.7)

in order to satisfy the conditions of Theorem 3.,2.1, Here pu(t) > c1+c2t2

for o<t € o with €15Cy > 0 . Thus if we wish to consider penalty
functionals of the form (3.2.6) on the entire real line we are apparently

forced into (3.2.,7). 1In section 3,4 we show that this is not the case,

Remark, Consistency of the M,P.L,E, on the infinite interval has not yet
been established, A straightforward‘argument by Good and Gaskins [1975]
shows that for any £ # fo , the true density, E[ﬁ(fo)] > E[i(f)] holds
for a sample size N large enough, Unfortunately, to establish consis-
tency one must prove that a sequence of solutions to {3.2.2) for increasing
sample size N converges,

We conclude this section with a theorem [de Montricher, et al,, 1975]
that characterizes the M,P,L.E, on a finite interval with (3.2.6) as the

penalty functional § ,

Theorem 3.2.2, The maximum penalized likelihood estimate corresponding to

the Hilbert space Ho(a,b) exists, is unique and is a polynomial spline
(monospline) of degree 2s, Moreover, if the estimate is positive in the
interior of an interval, then in this interval it is a polynomial splirne

of degree 2s and continuity class 2s-2 with knots exactly at the sample

points,

3.3 An Estimator of Good and Gaskins

Good and Gaskins [1972] considered the penalty functiomal

8(£) = i% & (@>0) . (3.3.1)
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This form arises since they chose to work with AJ% in place of £ to aveid
the nonnegativity constraint, The penalty functional (3,3,1) is seen to

he equivalent to

o e 2
8(€) = 4o | [i/—f—(t—)] at (3.3.2)

dt

Clearly ,JE € Hl(-m,m) is the correct choice for H(Q) ., De Montricher,
Tapia, énd Thompson [1975] proved that solutions corresponding to (3.3,1)
are weil defined, After some analysis they also demonstrated the unique
solution to (3.2,2) with penalty function (3,3.1) by

£(t) = g, (©)
B N v(t-xi)
g, (t) = %151 W (3.3.3)
where

_ 1 -A2a |t
v(t)—me ol t< o

and ) > 0 is a Lagrange multiplier,

We may calculate the exact solution (3,3,3) to Good's problem by simply
calculating the N wvalues gk(xi) , . = 1,N . We have done this by picking
for t in equation (3,3.3) and arriving at the N non-

k

linear equations

the values x

N v(xk-xi

x)=23% —8 L =1 3.3.4

The Lagrange multiplier A is picked so that

[Ee)de = g]\(t)zdt =1

This choice of )\ 1is unique, Without loss of generality, we may assume

that X <x, < ... &% Xy - We may calculate

2
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— 2 N 1
160/20A jg ()%dt = %
- M i=1 g (x )2
PR
1 M
+3 3 mwc *~@ﬁmﬁ

+ exp(/)z% (xi+xj)) exp (— /i—L xj) . (3.3.5)

For a given value of ) ,, Newton's method was used to solve the equations
(3.3.4) for gl(xk) . Since the integral (3,3,5) is infinite for A =0,

zero for A = « , and monotone decreasing inbetween, a simple line search

was required to find A* such that the integral constraint was satisfied,

Two examples are given in Figures 3,3.1 and 3.3,2,
We may observe the effects of the finite dimensional approximation

to problem (3,3,2) employed by Good and Gaskins, They considered a Hermite

function expansion for the solution retaining no more than the first
fifty terms, The exponential nature of the curve is smoothed at the sample
points, With a penalty functiomal (3,3.2) involving the second derivative

squared, solutions have a greater fullmess, a property that the Hermite

functions seem to display. However, no exact solution is known for the

latter penalty functionél,
Remark, We see that working with ,J? introduces Ff(x) in the denominator
of the penalty functional (3.3.1), Thus where £(x) is large, the weight
on thg’pégglty function is reduced, This explains why Good and Gaskins'
estimate tends to peak at the sample points, If we work with £ itself

and coné%der penalty functionals like (3.2,6), we may avoid this undesirable

feature,
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40 N(0,1) Exponential Spline Solution
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3.4 Some New Results

Consider the maximum penalized likelihood problem (3,2,2) with penalty

functional

5(£) = o [£' ) Pax (3.4.1)

We choose the Sobolev space Hl(-w,m) for the manifold H(Q) . As noted
in section 3,2, in view of Lemma 3,2,1, Theorem 3,2,1 does not guarantee
the existence of solutions to ﬁroblem (3.2.2) with (3.4,1), We shall prove
that the solutlion actually has finite support, From Theorem 3,2,2 we have
that the solution is a monospline of degree 2 and that it is continuous,

We begin by proving a useful inequality,

Lemma 3.2,1, Suppose f € Hl(-w,w) satisfies the constraints of problem

(3.2.2), Then

2/3}|x x
3 1
£(x) < (‘2') | £Gndy 1/3 I £ ()%ay S (3.4.2)
-co . -
Proof, By the fundamental Theorem of Calculus we have

X '
B2y - 320 - IEB/Z(Y)] ay
. a

’J‘- 172

a

(¥) £' (y)dy

po e

s
1/2 ff,(y)zdy 1/2

c
< 5| £y
a a

using the Cauchy-Schwarz inequality, Now let a — -o, We have equality

1/2

in (3.4.2) if and only if f£' = cf This proves the lemma,

Theorem 3,4.1, Consider the maximum penalized likelihood problem (3.2,2)

for £ € Hl(-w,m) and &(f) given by (3.4,1), Then we may restrict our-
selves to functions supported on a fimite interval (a,b) £for a given sample

xl’...’xN .
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Proof, We consider the properties of the maximum penalized likelihood cri-

terion function

N ® - . . -
25 = © log £(x) - o £T x| (3.4.3)
im] -0
We assume without loss of generality that -« < % < x, <...< Xy <o,

Since f integrates to one, we have from Lemma 3.,4,1 the bound ¥ x €

(~o,»)

cox) < (_@)2/3 [er oy =c . (3.4.4)
=12 -

Equations (3,4,4) and (3.4.3) imply
1(f) <N log C - (—25;)2 ¢ .
Thus as C — o, L(f) » - , Therefore, there exists M <« such that the

constraints of problem (3,2.2) are equivalent to

o

J' flx)dx = 1
) (3.4,5)
M>2£f£>0 |
Similarly,
N
v log £(x.) < log £(x,) + (N-1) log M
i=1 i k

for any k=1,N, Soas £(x)-~0, f(f) -+ ~» . Therefone, there exists
m> 0 such that the constraints (3,4,5) are equivalent to
[+ 3
[ £Gxydx = 1
-®
M>£2>0 (3.4.6)
f(xk) >m k=1, ,

Now xl j& the leftmost sample point, From Lemma 3,4,1 we have that

x 1/3 | x 1/3
1 .
£(xy) < (‘23‘)2/3 I £Gay Jl £' (y)2ay (3.4.7)
baat v+
with equality if and only if

=co
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£' = c:f]'/2 for x € (-=,x;] . (3.4.8)

Thus (3,4.8) implies the existence of a> -» and vy » 0 such that

2
v(x-a)” for x € (a,xl]

£x) = {(3.4.9)
0 for x<a .
i 2
Notice that in (3.4.7) -for all other things equal, j' £'(y)"dy 1is what we

would like to minimize in order to maximize f.(f) .‘“’
We claim that we may restrict the constraint set (3.4.6) to the inte-
gral and nonr;egativity constraints, along with
{f: Ha> -» with £ given by (3.4,9) for -o <x < 2}(3.4,10)
We wish to show that there exists & such that we may restrict the con-

straint set (3.4.10) to those £ such that a > & , If £ d1s given by

(3.4.9), then

X

Ji f(x)dx = % -y(xl-a)3
Thus
X
v = 3(xl-a)-3 J'l f(x)dx (3.4,11)

Substituting (3,4,11) in (3.4.9) for x = Xy implies

F(x,) = 3(x.-a) i £(x)dx
1 1 ém

< 3Gpma)t (3.4.12)

Thus with m as in (3.4.6) we have

-1
m < £(x;) < 3(x;-a) .
Solving for a ,

a>x, ~3/m=4a,

1

Since m depends on the data and X is fixed, we have shown we may re-

strict ourselves to functioms supported on [8,#) . We may use the same

argument on the rightmost sample point Xy with the result
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3_:;
bSXN+m=b .

Thus we may restrict ourselves to functions supported on the finite interval

{ﬁ,ﬁ] , proving our theorem,

Corollary 3.4.1, The maximum penalized likelihood estimate considered in

Theorem 3,4,1 is a monospline of degree 2,

Proof, From (3.4.9) we see that £(a) = 0 with the similar result £() =0
following immediately, Thus we may restrict our manifold H(Q) in problem
(3.2,2) to Hé(a,ﬁ) . The corollary now follows immediately from Theorem

3.2.2.

Higher Derivatives

We conjecture that Theorem 3,4,1 generalizes to penalty functions of

the form

3(6) = o [ £ o’ax (3.4.13)

where £ € H(S)(-m,w) . We shall present a weaker resuit for the case

s = 2 . We remark that our approach in the proof of Theorem 3.4.1 was the
following: Suppose we are given any values of f(xk) >0 for k= 1,N,
Then the likelihood portiom of 1.(f) is fixed and we can only improve

the penalty term, For any given positive area to the left of x, We see
from (3.4.7) that there is a lower bound on the portion of the penalty func-

tional (3.4.1) given by

X
JJf'Cx)zdx .

-

This lower bound is attained only if £ is the polynomial of degree 2
given by (3.4,9). For the case s =2, a polynomial of degree 4 is the

'solution, However, since £ € H2(—m,m) implies that f(xl) and f'(xl)
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must be matched, we find that an arbitrary area to the left of x, cannot

be attained,

Theorem 3.4,2. Consider the maximum penalized likelihood problem (3,2,2)

with £ € Hz(—w,w) and 8(f) given by (3.4.13) with s =2 , Suppose
the solution satisfies .
£ (x,)

f'(x1

if £'(x) >0

S

X
I eeoax < 2

with no conditions required if f'(xl)_s 0 , and similar conditions for

the sample x, . Then the solution is the monospline of degree 4 as in

N
Theorem 3,2.1,

Proof, Consider

X
1(f) = J'l £ (x)2dx (3.4.14)

-Co

which is related to the penalty functiomal. We claim that for any given
values of

p's
fol), f'(xl) and Il f(x)dx {3.4.15)

-

the optimal solution to problem (3,2,2) will minimize I(f) . This fol-
lows since we can only improve the penalty portion of f(£) by minimizing
I(£) .

We now show that the solution to minimizing (3.4.14) given (3.4,15)

is 4 3
a(x-x )" + beﬁxo) x € [xo,XI}
f(x) =
0 X € (-m,xo) (3.4.16)
for some =~ < X < X, , & < 0, b> 0 picked to satisfy (3.4,15) ,

The second Gateaux derivative of I(f) in the feasible directions

g, N is
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2 x1
DTI(EY(N,8) = 2 |7 EMGIM()dx

Since DZI(£)(N,N) > 0 , I(f) 1is strictly convex so that (3,4.16) will be
the unique solution, The tangent cone T(f) (feasible directions) for 1

is defined by
1 € Hg(-o,x,)
31
J7nedx = 0 (3.4.17)

and if £(x) =0, then T&)>0 ,
The necessary condition that £ solve our problem is that
DI(EY(M > 0 ¥ T € T() (3.4.18)

or

X -
£ ) = £ e INGe) + [ £ emearz 0 (3.4.19)
o

after integrating (3.4.18) by parts twice and noting that ’ﬂ(xl) = 'ﬂ'(xl) =
0 ., A fourth order polynomial satisfies (3.4,19). Since £ € Hz , the
constant and linear terms vanish in the polynomial, By considering various
1 € T(f) , we may show that the quadratic term vanishes, b> 0 , a< 0,

Let L =x,-x . Then
1l 0o

J'l £(x)dx = 2 4+ 22 (3.4,20)

where £ 1s given by (3.4,16), Now a,b, and x = are determined by the

equations

£x,) = alt + bL°

£'(x,) = 4al> + 3b12

X 5 4
i _ alL bL

‘-I‘m fx)dx = = + 5

It may be shown that if £’ (xl) < 0 , then any area under the polynomial

may be satisfied, However, if f'(xl) > 0, then
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2
X, 3 £ Cxl)

If this constraint is not active, then we may proceed as in Theorem 3.4,1,

proving our theorem,
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IV, THE DISCRETIZED MAXIMUM PENALIZED LIKELIHOOD ESTIMATOR

4,1 Introduétion

Sifice the infinite dimensional maximum penalized likelihood problem
(3.2,2) for a general penalty function based on derivatives appears
nontractable, we consider solving a finite dimensional problem motivated
by the former, We deal with the nonnegativity constraint directly, thereby
avoiding the unsatisfactory device of working with the square root of the
density estimator, As our class of estimators, we shall consider simple
functions and continuous piecewise linear functions with finite support
defined, for convenience, by a uniform mesh on the interval (a,b). Spe-

cifically, we define the mesh by the nodes a = to’tl""’tm = b where the

mesh spacing h is given by (b-a)/m and t, . - t, =h for all k.

th |
We define the k interval to be I, = [tk_l,tk) .
Let s(t) be a simple function defined on the mesh by
s(t) = s(tk) ¥te Ik for k = 1,m (4.1,
for m given values of S(tk) and zero elsewhere, Clearly,
-} m
j s{t)dt = T h st ) . (4.1.2)
k
-0 kﬂl
Similarly, let p(t) be a continuous piecewise linear function defined on
the mesh by

p(t) = plt, ) + b7 (e-t,_O[p(e) - (e, )] t €T, (4.1.3)

for mt+l given values of p(tk) and zeroc elsewhere, For p to be con-

tinuous, we define p(to) = p(tm) = 0, It is easy to show that
0 m-1
Jp)at = Thoplt) . (4.1.4)
- k_:l

If we define
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and

P p(tk) k=0,m

then typically, since Pg =P = 0 , we have

83
5 8y, ‘ (4.1.5)
2 . L] » Sm_]' -
- 81 Sm
—ER T T T ¥ T T T
a= to tl t2 t3 t4 tm-2 tm-l tm = b
Py
Py P, Pu-1 (4.1,6)
L) I ¥ I t ) 1 1 ] ] '
1 L 3 I L1 I

For the infinite dimensional problem, one criterion functional for a

given sample set Kyseear¥y Was
N © 9
L(£) = 5 log £(x,) - o [ £'()7dt | (4.1.7)
i=1 -
We approximate the differential operator by finite differences over values
at the mesh nodes, Similarly, we use the trapezoidal rule to approximate

the integral operator, Thus we consider two criteriom functions to be

maximized that approximate (4,1,7)
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N mo [s(r) - s ) 2
LS(S) = log s(xi) ~-aoLh Y {(4.1.8)
im] k=1 =
and 5
N m et - ple ) )
L ()= I logpx;)}-cZh o . (4.1,9)
P i=1 k=1 -

The subscript on L indicates whether simple or piecewise Iinear functions
are under consideration, We may make approximations similar to (4.1.8) and
(4.1.9) for higher order derivatives, To satisfy the definition of a
density function, we place the following pairs of constraints on the funec-

tions s(*) and p(.) , respectively:

s(t,) >0 p(t) > 0

m m-1 :

Es(t) =7 Ze(t) =p . (4.1.10)
k=1 k=1

With these constraints from (4.1,2) and (4.1.4), the functions will be non-
negative on the real line and integrate to one,

We consider the problem of maximizing (4.1.8) or (4.1.9) for functions
given by (4,1.1) or (4.1,3) under the constraints (4,1,10), We call solu-

tions to these constrained optimization problems discretized maximum penal-

ized likelihood estimates, 1In the next sections we consider the following:

the existence and uniqueness of the discretized maximum penalized likelihood
estimate, its consistency properties, and the sense in which the estimates

approximate solutions to the corresponding infinite dimensional problem,

4.2 Existence and Unigueness

Although we shall seldom retain more than one or two terms in the
penalty functional, we may consider including r terms involving approxi-
mations of all derivatives up to the rth order, Following our discus-

sion in Section 3,1, pick a mesh a = to,tl,...,tm =b such that

tk+1 - tk = h ., For convenience, extend this mesh to the entire real line,
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Let p(t) defined by (4,1,3) denote a continuous piecewise linear function
that is identically zero ;utside the finite interval (a,b), Clearly, p(.)
is determined by the m-1 wvalues P(tk) for k = 1,m-1, since we define
p(to) = p(tm) = 0 for continuity, Consider the following constrained op-

" timization problem for some fixed nonnegative weights dj :

. 2
N r mtj-1 va(tk)
maximize L (p) = £ 1log p(xi) - T, I hj———t (4,2,1)
P i=1 =17 k=1 hJ
subject to '
P(tk) >0 k=1, m-1
(4,2,2)
m-1 1 ’
Lopt) =%
K=l k h
where

vp(t,) = (1) p(r)

where 1 and B are index shifting operators such that
Ip(t) = p(t,)

and

Bp(t,) = p(t, ) .

For example, (1—B)2p(tk) = p(tk) - 2p(tk_1) + p(tk_z) s, which would be the
discrete approximation to h? times the second derivative, Again, the
constraints (4,2,2) guarantee that p(-) will be nonnegative and integrate
to one, Although the following are really corollaries to Proposition 3.,2.1,
we give below a simple finite dimensional proof not possible for use in

the more géneral infinite dimensional case,

Theorem &,2,1, Suppose we are given a sample Epseeer¥yp each contained

in the finite interval (a,b) partitioned in an equally spaced mesh tO""’tm'

Consider the problem of maximizing (4,2,1) over all continuocus piecewise
linear functions given by (4,1.3) under the constraints (4.2.2), Then solu-

tions to this problem exist and are unique,
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Proof, The constraint set (4.2,2) is clearly a comvex and compact set in

Rm-l . Since Lp(.) is a continuous functional in the values p(tk) .

we have existence of a global maximizer,

To prove uniqueness; we suppose that we have two continuous piecewise
'linear functions 2 and Py gsuch that Ib(pl) = LP(PZ) . Consider the
continuous piecewise linear function defined by

p(t) = 3p (t) + kp, () 4.2.3)
This function is admissible since it satisfies the constraints (4.2.2),
Since the log is a strictly concave function, we have
N N

log p(xi)«> 5% log pl(xi) +% 7% 1log PZ(xi) . (4.2,4)
1 i=1 i=1

i b=

i
Also we have by linearity that

vjp(tk) = %Vjpl(tk) + %vjpz(ti) (4.2.5)

For any two real numbers a and b
(a + 1) <2a% + 2% .2.6)

Combining (4,2,5) and (4,2,6) and summing implies
A 2 i 2 j 2
Zlvip(e )] <% 2lvp (601 + % 2lvp, ()] . (4.2.7)
k 17k 2k
k k k
After multiplying (4.2.7) by qthQJ and summing over j together with

(4.2.4), we have

Ly(p) > 3L(py) + 3L(p,) = L(py)
Thus the existence of two distinct global maximizers would lead to a con-

tradiction,

Theorem 4.,2,2, Under the conditions of Theorem 4,2,1, consider the problem

of maximizing Lh(') corresponding to (4,2.1) over all simple functions

given by (4,.1,1) under the constraints (4,1,10), Then solutions to this
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problem exist and are unique,

Proof, The constraint region (4,1.10) is convex and compact, The objec-
tive functional LS(-) is a continuous function of the values s(tk) .
This proves existence of soluﬁions. The uniqueness follows exactly as in

’

Theorem 4.,2,1,

4.3 Consistency of the Discretized Maximum Penalized Likelihood Estimator

In this section we prove that the simple function maximum penalized
1ikelihood estimator-is consistent in mean square error, For large sample
gizes, this estimator looks very much like the histogram, In later section
we consider how the continuous piecewise linear function and the simple fun
tion are "close'" for the same data,

Consider the simple function s(+) discussed in Section 4,1, Again,

l,m ., Extending the mesh

for convenience, we define Sy = S(tk) for k

over the entire real line, we have §_9 = S 43 " 0 , for example, For a
given sample XiseassXy s let
Vo = # samples in (-«,a)
v = # samples in Ik = {tk_l,tk) k= 1lm 4.,3,1)
Vo T # samples in [b,w)
m+l
Then T Vi N and we define
=0
m
n' = I v - (4.3.2)
k=1

We consider truncating our data outside the interval [a,b) , This will
introduce a slight bias into the solution, Then using (4,3.1), our ob-

jective functional with the first derivative penalty functiomal becomes
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m m
= 1 IPRY- .
maximize Ls(s) kEIvk log S " h kEO(SkH' Sy 4.3.3)

subject to s, >0 k=1m

w

(4.3.4)

s =
=g X

s =
k=1 K

We may now prove consistency of solutions to (4,3.3).

Theorem 4.3,1, Let X1seeas¥ be a random sample from a continuous density

N
fo . Then the simple discretized maximum penalized likelihood estimator

solving (4.,3,3) is asymptotically consistent in the mean square error in
the following sense: if we pick h = h(N) so that as N - o and h(N) - O
we have Nh(N)2 ~+ @ , then we may mazke the mean square error arbitrarily

small by taking the interval (a,b) sufficiently large,

Proof. The comstraint Si = 0 is not active for those k where Ve > 0,

since si*\{‘ﬂ 0 with Vi

feasible choice

> 0 iwplies that l.s(s*) = «w , However, for the

v
A k
S = I'h k=1m

we may calculate

v Y v, 2
Ay k o kbl 'k
L(5) =Ty 1°g(?{’5) “hZ (n‘h n'h)

2
>Zv, logv -Zv log n'h - —%— n'
& k k k k n'2h3
> -n' log n'h - -‘-%> -,
- h

Ignoring the inequality constraint, we have from the theory of Lagrange

multipliers that there exists A € R such that
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aL m :

s 1 .

m+h-—1— s, -={=0 i=1m |, (4.3,5)
asi asi [;;1 k %]

For our problem, equation (4.3.5) becomes

vy 2e 2

Si+3—vsi+1+7\ =0 1=1m - . {(4.3.6)
where

2g, . = - 25, + 4.3.7

VSip1 T Sy41 " %85 sy 3.7

Multiply (4,3.6) by s; and sum over i = l,m , Using (4.3.2) and the

second constraint in .(4.3.4), we may solve for the Lagrange multiplier as

T2
A=n'h-2¢ T s, ;V's
im1 i+l
Substituting this value in (4,3,6), our necessary conditions become, after

dividing by W ,

v m
1,2 2 n' . 20 _
Ns; * % V%a TN BTN jfl Sjvzsj-l-l 0 (4.3.8)
Before solving for S; » let us bound the second and fourth terms in
(4.3.8). From the constraints (4,3,4) we see that
0O<s, <% i=1,m (4.3.9)
—_ i -— h ? . a e

Using (4,3.9) and the definition in (4.3.7), we arrive at the following

nonstochastic bounds:

2

<V s; < i=1m {(4.3.10)

S‘lN
Tl

Since s(t) is zero outside (a,b) , we have

<

m \2 m
R AR R R T e I B
m 2
= j2125j3j+1 - 2sj
m-1 ) .
= -32 - & . z (s - s.)2 . (4.3.11)

1 m j=1 i+ 3
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Using (4.3.11), we arrive at the bounds

2 m
-z < '2 s.stj_l_l <0 , _ (4.3.12)
=1

o

Using the bounds (4,3,10) and (4,3,12) in equation (4,3,8), the necessary

conditions become

V.
i, 20 4.k _nl 20401 L
Nsi+Nh0(h) —h-Z o(hz) =0 . (4.3.13)

Suppose fo is the true sampling density, We define

b
e=1- ;1! fo(x)dx (4.3,14)

and

Py = 4 fo(x)dx for k = 1L,m . (4,3,15)
k
Now as N -+ = keeping h fixed

Vv

ﬁ_lg -7 in quadratic mean (4.3.16)
and
!
—;}-ﬂ - 1 - ¢ in quadratic mean (4.3.17)

since the variances of the quantities in (4.3.16) and (4.3,17) vanish as

N- o Thus as N — « keeping h fixed, we have from (4.,3.13)-(4.3.17)

Py

1 . .
s; ™ § Toe in quadratic mean , {4.3.18)

Since fo is continuous, we have that as h - ©

i
n ) (4.3.19)
where xy is the point in Ii as h - 0 , Therefore, if we demand as

N-+o and h - 0 that th - o , we see from (4.3,1.3), (4.3.18), and

(4.3,19)
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in quadratic mean . (4.3.20)

Thus the mean square error of the discretized maximum penalized likelihood

estimate at a point %, is seen to be

£ )2—":—2 4.3.21)
m.s.e, - £ (x )" (7 . .3,

By picking the interval (a,b) arbitrarily large, we may choose ¢ arbi-
trarily small in (4,3,21), This proves our theorem,
Consider generalizing the objective functional (4.3.3) to include the
th

T derivative in the penalty term, Using the notation of equation (4.2,1)

our problem becomes

m
- _ o T 2
maximize Ls(s) kglvk log Sic -1 E [v s(tk)] (4.3.22)

subject to the constraints (4.3.4)., The analogous result to Theorem 4.3.1

is

Theorem 4,3,2, The simple discretized maximum likelihood estimator solving

(4,3.22) is consistent in the sense given in Theorem 4.3,1 if we pick h(N)

so that as N - o and - h(N) - 0 , we have Nh(N)2r - o,
Proof, The proof is parallel to that of Theorem 4,3.1,

The Truncated Density

The effect of throwing away data points outside the interval (a,b)

when solving problem (4.3,3) is that we are really estimating the density

£ (x)
1= a<x<h
€ (4.3.23)

gx) =
0 otherwise

where we call g(x) the truncated density and e 1is defined in (4.3.14).



72

Nonparametric estimates in the tailg are generally unacceptable as we
discussed in section 2,2, However, in situations where nonparametric
density estimation is appropriate, faithful representation of the unknown
density near the modes and in ares of high density is the issue, This is

the goal of the discretized maximum penalized likelihood estimator,

Corollary 4.3.1., Under the conditions of Theorem 4_3,1 for a fixed inter-

val {a,b) , the discretized maximum penalized likelihood estimate is con-

sistent with the truncated density (4,3.23),

Proof, ¥ollows immediately from the proof of Theorem 4,3,1 and equation

(4.3.20).

If we assume that the sampling dénsity is absolutely continuvous, we

have the following consistency result:

Theorem 4,3,3, Suppose the sampling density fo(x) ig absolutely con~

tinuous, Let g(x) denote the truncated density (4.3.23) for some inter-
val (-A,A) . Then the simple discrete penalized estimator SN(x) (where
N denotes the sample) is consistent on (-A,A) in the integrated mean
square error; that is,

lim i ElsN(x) - g(x)[zdx = 0
Nesco Ix <A

where 8y solves (4,3,22),

Proof, Consider thg finite interval (-A,A) ; divide it into m intervals

of equal lengths h = 0 ; that is

m = ——

h

I]:U IZU e UIm = ('A,A) .
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Let X, be a fixed point in Ik for k= 1,m , From Corollary 4. 3,1, we
have that sN(xk) converges in mean square to g(xk) , Therefore, given

¢ > 0 , there exists h> 0 sufficiently small and n < o such that
k

2
EISN(xk) - g(xk)l <e ¥N> nxk for k= 1l,m (4.3,24)

where N 1is alsc picked large enough so that thr o and h -0,
Since there are a finite number of intervals m , we define

n®* = max n <o,
€ ickem Pk

Thus (4,3,24) holds for all k ,
For a given' h consider

§, = max sup [g(x) - gy . (4.3.25)
I<kam x,y€L,

Now fo and hence g are absolutely continuous on (-A,A) , Therefore,

by absolute continulty

lim =0 (4.3.26)
h-0 ah

Consider the mean square error at an arbitrary point y € Ik . We

have since sN(y) = sN(xk)

Blay ) - 80 [° = ElsgGe) - s |

SEhﬁﬁ)“gﬁgﬁé-E&Q-g@”z

Set & ¥ N> o (4.3.27)

under the conditions (%.3.24) using the triangle inequality and (4,3.25).
Since (4.3.27) holds for any ¥y we have
' 2 2
J Elsg) - 8O [Ty c2(e + A . (4.3,28)
[x | <A
Now ¢ is arbitrarily small, aﬁ .0 by (4.3.26), and A is fixed, This

proves the theorem,
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4,4 Approximation Results

Theorem 4,4,1, Suppose (a,b) is a finite interval and Xiseens¥y @

fixed sample of size N . For the penalty functional

b 2
3(6) = of £ ()t
a

we consider the discrete and infinite dimensional maximum penalized like-

lihood problems, truncating data if necessary, Then the simple function

solution approaches the Hé(a,b) monospline in L?(a,b) as h 0,

Proof, We denote the simple function solution by sh(-) to emphasize the

mesh spacing, ILet sh(.) be defined as in (4.4.1) and (4,4,5)., For con-

venience let sh(tl) = sh(tm) =0 (see 4,4,10), The two criterion func-

tions are
N o 2
Iy () = T Tog s Ce) - T E D5, (5 - 5,6y )] (4.4.1)
and
N b 2
Le(£) = T log £(x;) - « J £ (e)7de (4.4.2)
i=1 a

Step 1, Let £* denote the solution to the continuous problem (4,4.2),
By Theorem 3,2.2 we know f% exists uniquely and is a monospline of de-

gree two, Let sﬁ be the unique solution to the discrete problem (4.4,1)

for a given h ,

. R . s *
Claim, We can find sf*,h a simple function approximation to £% that

gatisfles the discrete problem constraints such that
- %
Ly (5 s ) = Le(E®) (4.4.3)

in the sup norm as h - 0,

Proof of Claim, We construct Sex b and demonstrate the desired proper-
>

tieg, Let
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1.
S:E*,h(tk) -t % fx(t)de k=1m , (4.4.4)
k
Then Stk b is nonnegative and integrates to one, Since £* is a mono-
?

spline of degree two, f* 18 infinitely differentiable except perhaps at the
sample points L and at two points between adjacent samples and at one
point between an interval endpoint and the extreme sample, Thus there are nc
more than 3N points of derivative discontinuities in all, For h small
enough, no interval Ik will contaln more than one such point of disconti-
nuity, Where they exist, all derivatives of f* - are bounded,
For x € Ik and:some ac¢€ Ik
Sg n () = £X(a) . (4.4.5)

Since
X
£x(x) - £*(a) = [ £%'(y)dy
8

(4.4,5) and the Candy-Schwartz inequality imply

X X

[£2 ) - £))2 ¢ | £ () dy- | ay
a a
or
|£5) - g, (O] S4B L] s 0 Pay]® (4.4.6)
! I
k

Therefore, 8 ey h(x) - £%(x) in the sup norm as h - 0 so that the log
- ]

likelihood terms in (4.4.1) and (4.4.2) agree as h - 0 , We now consider

= 1,m , Then using the Mean

n

the penalty terms, Let Sk,h sf*,h(tk) , k

value Theorem

1 2 _1loft L e 2
RSN SR hIJ fr(edae - g [ BR(R)dE
k k-1
= Lolereay - ex& )2 (4.6.7)
B 2\ k-1 at

where ﬁk is a point in Ik . Letting §£ denote the midpoint of Ik ,
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we can take a Taylor expansion and calculate (4.4.7) to be

2
BB - P& ) Fdoh - o gD
d

=g i

i

— » . N*A=
where dk o £%(t) evaluated at some point in Ik and X X akh

d
for lakl <% Squaring in the above we obtain

2 1 2

1 142 -
h i(f*(fk) - ERE ) +y 200 7 Ge1%e-1)
2 o
5 @) - DI - G )] L GhS)

Ignoring the finite number of points where £*' 1is discontinuous, f*(%k) -
f*(ﬁk-l) and dk-dk_1 aré 0(h) , The summing process in O(m) = 0(%)

so that the second term is % [O(h)]2 = 0(h) . Likewise the third term is

% Ofﬁ)O(h)hO(h) = 0(h) . So it suffices to show that as h - 0 , the first
term in (4.4,8) approximates J'f*'(t)zdt as h -~ 0, Using the Fundamental
Theorem of Calculus, we have that the difference of the first term in

(4.4,8) and the continuous penalty term is

‘ﬁl"i(f*ﬁk) - @& )% - | e’

% ¥
- % [ J‘k £x1 (£)de]? - T Jk £t (£)2d e
k¥e1 kX
=i E )@ E DT -z e () & F )
h K k" Yk "k-1 E k k "k~1
2 2
=3 h[f*'(gk) - £ ()] (4.6.9)
k
since §%_§L-1 =h where & and T €I . Now the term in brackets in
(4,4,9) is

[E%'(5,) - B (MDILEF (5 + £+ (T .

The first factor is O0(h) and the second term  is bounded, Since the summing
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process is OC%) , (4,4.9) is OC%)hO(h) +0 as h- 0, In the fipite
number of intervals containing the derivative discontinuities, the contri-
butions to the sum are less than 3N[0Ch)] - 0 , so that we could ignore

those intervals in the above arguments, This proves the claim,

4

Step 2, Recall that Sﬁ is the unique maximizer of (4.4.1), We have

that Lh(sﬁ) Z-Lh(sf*,h) > -» since Lhcsf*,h)'” Lf(f*) > -= , Therefore

sup {s¥(t,) - s¥(t, )] -0 (4.4.10)
Bt I h 'k h k-1 l

since otherwise the penalty term would tend to -= ., We use (4,4.10) to

approximate sg with an Hg function, Given sg we define a continuous

approximation fg to sﬁ in the following way: let fﬁ be the plecewise

linear function comnecting the simple function sﬁ at the midpoints of
the intervals, With this choice, fﬁ is nonnegative and integrates to one,
If we consider the derivative approximation from the midpoint of Ik~1 to

Ik , 1t is dzlh for the simple function, where d = sg(tk) - Sﬁ(tk-l) s

and for the piecewise linear function
2
CeaternZar o ¢ 3424, o 9
g fﬁ (£)“dt A (h) dt T

Therefore, by construction we have

| gt o?ar = ¢ B [egte,) - sx(e,_ 7 (4.4.11)

so that the penalty terms agree for any h , From (4,4,10) we see that

fﬁ converges to sﬁ‘ pointwise in the sup norm by the construction of

fg . Combining this fact with (4,4,11), we have

L, (550 - Lo (£ ||Lm-. 0 as h-0, : (4.4.12)

Since both fﬁ and Sﬁ are density functions, we have Hfﬁ - S§HL1 <2 .
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This bound, {4,4.12) and Holder's inequality imply

||f§ - sf|,~0 as B0, (4.4,13)
L

Step 3, By their respective optimality properties
rd &
Le(£f) < L(£%)
and (4.4.14)
*
Iy ew ) S L0 -

Combining (4.4.14) and (4.4.12), we have
(500 ) < L (%) P30 1 (£2) < L_(£%) 441
L Gee ) S 4,60 = LR < Ly . (4.4,15)

But since I (s;. ;) - L(f%) in the 1 -norm as h -0 by (4.4.3), we
have from (&.,4,15)
* — * -
Lo(£f) » L(f%) as h-0 ., (4.4,16)
By the uniform strict concavity of Lf(.) with respect to the H™ ' norm
we have from (4 .4.16)

€ - £%) ;~ 0 as B0, (4.4.17)
H

Now H1 convergence implies L2 convergence, Both fﬁ and sﬁ are in

I? . Therefore, the triangle inequality using (4.4.13) and (4.4,17) implies

sk - £%]| , = 0 as h-0
L

This proves the theorem,

Theorem 4,4.2, Under the same conditions as Theorem 4,4,1, the continuous

piecewise linear solution approaches the Hé(a,b) monospline in Hl as

h- 0,

Proof, We replace equation (4,4,1) with

N
B (e = T Tog By (e;) - § Blp () - p (e T

(4.4.18)
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vhere ph is a continuous piecewise linear function defined on the mesh

of interval width h ,

Step 1. We can find Pex pp 2 continuous piecewise linear function approxi-
2

mation to f£* that satisfies the discrete problem comstraints such that
&

in the sup norm as h - 0 , Consider the function £%* which approximated

2h

s¥ in step 2 of the proof of Theorem 4.4,1, f;h has mesh nodes exactly

2h
at tk since it has its nodes at the midpoints of the mesh with interval
. 1
width 2h , If we let pf*,h = fgh » then by (4.4,17) Pex n is H

convergent to f* and (4.4.19) is seen to hold by construction,

Step 2, ILet pﬁ denote the maximizer of (4.4.18). We have Ih(Pﬁ) >

L, (Pgs ) > - since L Py ) ~ L (F%) > -w . Thus (4.4.10) holds

for pf and pf € Hé(a,b) as h— 0, Therefore,
||, CPE) - Lf(P;{)HLm-* 0 as k-0, (4.4.20)
Step 3, By their respective optimality properties and (4.4,20)

Using the strict concavity of Lf(-) » (4.4.19), and the triangle inequality
we may show exactly as in Theorem 4,4,1

P*-f* -+ 0 as h-20
e - £,
proving the- theorem,

Plausible Theorem 4,4.3, Under the same conditions as Theorem 4.4.1 with

the penalty functional

b 2
§(f) = o J‘ () de
a
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the continuous piecewise linear solution approaches the B%(a,b) monospline
in Hl as h -0,

Remark, ‘The Hl convergence is the best possible since the discrete solu-

tion is not in H2 .
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V. NUMERICAL IMPLEMENTATION AND SIMULATION RESULTS

5.1 The Numerical Algorithm

In presenting the numerical solution for the discrete maximum like-
lihood penalized problem, we choose the continuous piecewise linear solu-
tion rather than the simple function solution for its smoothness and approx-
imation properties, We consider the penalty functional based on second
differences which may be generalized to an arbitrary derivative approxima-
tion,

Let tl,...,tm be a given fixed mesh with mesh interval h = tk+1_tk*
for k = l,m-1, The continuous plecewise linear solution is defined as
p(t) and is determined by the values at the nodes which we denote

P = P(t) k=1m
where (5.1.1)
Py TP TP TP T 0
for convenience, The solution may be evaluated at a point t by
Prr1 ” Py

L 2L R A LW

p(t) = (5.1.2)
‘ 0 t ¢ (tz,tm_l)

et xl,...,x be a random gsample, We truncate those points not falling

NI
in the interval (tz’tm-l) and label the remaining points Xireoss¥y
To evaluate p(+) at X, , we introduce the star indexing function

%:1 - 1 defined by

X, € [t*(i)’t*(i)+l) i=1,N (5.1.3)

Thus the star function points to the interval in which X, falls, Our

criterion function (4,1,9) may be written as
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o m-1 2
minimize = ¥ (p - 2p,. + D, )
3 12 Pl T P T Pen
N Pecay+1 7 Prqr
"5 toetPeay ¥ B )] G
subject to
P 2 0 k=3,m2 .
n-2 (5.1.5)
% p, =3
k= k h

We may deal with the nonnegativity comstraint in (5,1,5) directly by the
gubstitution

Q‘Pk k=1m (5.1.6)

and solving for Wgseeest o o From the theory of Lagrange multipliers

there exists M € R such that

1 - xl B tk
By fé' VL’F“’ch+2 " 20y z ;
K)ok o +“’k+1 ‘”k (x; - )
X5 T tk-l
- 20, § 7 z -2y (5.1.7)
D=l +'uik_?w'k':"1' Gy = Yep)

is identically zero for k = 3,,,,,m-2 at the solution of problem (5,1.4)

where

4
T Pryn = Pryy = Py T 6P - 4P TP,

Equations (5,1,7) along with the integral constraint

m=2 9

..1.1; - “’k = 0 (5.1.8)

™

k=3

determine m - 3 nonlinear equations in the m - 3 unknowns ?L,w3,...:wm_2.
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Given initigl (nonzero) estimates for the parameters, Newton's method is

used to find the zeroes of the equations (5.1.7) and (5.1,8), This algorithm
involves calculating the (m-3)x(m-3) syﬁmetric Jacobian matrix and solving
the resulting linear system for the changes Aoy and Ay in the estimates

of the last iteration, Iteration is stopped when

fn? + 5 ()27 < 1077 (5.1,9)
k=3 )
Then p(t) 1is determined by (5,1,6) and (5.1,2),

We emphasize that the number of mesh nodes m determines the amount
of work neceésary in the numerical solution of the discretized maximum
penalized likelihood estimate CD.ﬁ,P.L,E.). The sample size N is impor-
tant in calculating the Jacobian matrix, but only in a linear fashionm,
Thus the major effort of solving the (m-3)x(m-3) linear system does not

deéend on the sample size,

5.2 The Choice of the Mesh Spacing h

Suppose we have a good value of the penalty weighting parameter ¢ ,
For a fixed sample XiseansXy we-choose the mesh nodes t2 and tm_1 .
Recall the estimate is zerc outside the interval (tz,tm_l) by (5.1,1),
We consider the resulting continuocus piecewise linear discretized maximum
penalized estimate as a function of the mesh interval width h ., The choice
of h is important since the amount of work required by the algorithm is
approximately proportional to (m-3)3 . However, we wish to pick h suf-
ficiently small to reveal the fine structure in the estimate,

To illustrate the practical aspects of the preceding discussion, we
consider a numerical example, A random sample of size 100 was generated

from the N(0,1) density, The choice ¢ = 10 is good, as we demonstrate
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in our simulation study in section 5,5. The interval cf support (tz’tm-l)
was taken to be (-4,4)., In Piagrams 5,2,1-5,2.4 we graph the N(0,1) den-

s
gity (* on graph) with the discretized maximum penalized likelihood solution
(0 on graph) for the choices h = 2,0, 1,0, 0,5 and 0,25 with corresponding
values m =7, 11, 19 and 35, The stability of the estimates is apparent,
For this sample of size 100, choosing a smaller h does not appear to be
warranted,

We remark that as h decreases, the size of our problem increases,
In general, better initial guesses are required in Newton's method for
larger problems than for smaller problems, If convergence problems are
encountered as the result of poor initial guesses (obtained from a histo-
gram or kernel estimate), we bootstrap the algorithm to provide good initial
estimafes. First a large mesh interval is chosen so that the problem is
small and Rewton's method converges quickly, This coarse estimate is then
used to provide initial guesses for a finer mesh, say, twice as many nodes,
We continue refining the mesh until h is as small as desired, Since
this procedure provides excellent initial guesses, only a few iterations
should be required for (5,1,9) to be satisfied,

A numerical study indicates that the D ,M,P,L,E, is stable for fixed N

as h 5 0, We have seen that this limit is precisely the monospline esti-

mator of de Montricher, Tapia, and Thompson [1975]. It appears that among

our sufficient conditions for comsistency [(1) o > 0, (2) N - o, (3) lim her =
N
@, (4) lim h = 0] the condition lim h°’N = » is an artifact of our proof,

Noseo N
At this point it would seem that necessary and sufficient conditions for con-

sistency of the D M,P L,E, are simply 1, 2, and 4, Since for fixed N the

D.M,P,L,E, solutions converge to the infinite dimensional M,P,L, solution as

h - 0, it appears that necessary and sufficient conditions for comsistency

for the M,P,L.E, are one and two above,



85
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o =10
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5.3 The Choice of o

We next consider the choice of ¢« . This problem is more important
and more difficult than the selection of the mesh spacing h ., Philosophi-
cally there is a correspondence between ¢ and the Parzen kernel scaling
parameter h(N) , As we discussed in Chapter 2, h(N) too large results
in a disperse estimate while h(N) too small results in a highly varying
estimate, The ¢ parameter has the same effect for the piecewise linear
estimate, To pick an appropriate ¢ several values should be examined,
picking « as small as possible without incurring a large variance in the
corresponding estimate, This interactive mode is useful in practice, We
hope to automate this cholce of ¢ in g manner similar to the quasi-optimal
procedure for kernel estimates discussed in section 2,6,

To demonstrate graphically thé discussion in the previous paragraph,

a random sample of size 300 was generated from the bimodal mixture density

3/4 N(-1,5,1) + 1/4 N(1,5, 1/9) , The interval (tz’tm-l) was taken as

1

(-5, 2,6) with mesh spacing h = 0,2 and m = 41, In Diagrams 5,3,1-

5.3.6 the bimodal density is graphed with the solutions corresponding to

o= 105, 102, 10, 1, 107}

and 10-2 . Biased by the knowledge of the true
underlying density we might accept the variance in the estimate with
« = 0,1, but would otherwise probably choose o = 1,0 , Even with the fixed
‘mesh and h = 0,2, the variance of the estimate corresponding to o = 0,01
is readily apparent,

The kernel estimator with the quartic kernel given in Table 2,5,1 was
applied to the same bimodal data for a sequence of values of the scaling
factor h(N) , For o and h(N) too small the corresponding estimates

have sharp peaks, As h(N) - 0 , the kernel estimate approximates the

delta function solution; however, as o - 0 , the discrete solution cannot
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come arbitrarily close to the delta functions because the mesh interval is

a fixed, positive number, As h(N) - = , the kernel estimate approximates

a diffuse uniform density that retains little semblance of the true sampling
density; however, as o — o , the discrete solution looks like Diagram 5,3.1
since the mesh interval and the support interval (tz’tm-l) are fixeé_
Notice that the bimodal nature of the samples is apparent even for the over-
smoothed estimate (o = 103) . Thus the choice of a mesh makes the discrete
solution more robust than the kernel estimate with respect to the'paramu

eters ¢ and h(N) .,

The Interactive Mode

We recommend the following procedure for applying the penalized like-
lihood algorithm to a given sample xl,...,xN . The range of the sample
is examined and any outliers truncated if desired, A histogram is useful
in this aspecé, A good estimate of the penalty weighing factor ¢ can be
obtained with a coarse mesh as demonstrated in Diagrams 5,2,1-5.2.4, There-
fore, we choose a large value of the mesh intérval h and try various
values of ¢« 1in powers of ten, Thenwe pick o as small as possible in
accordance with our prior feelings about the variance of the resulting
estimate, For initial guesses we use the histogram estimate or one-
hundredth, whichever is greater, For the Lagrange multiplier we use -N/4,
Once an acceptable ¢ 1is found the mesh interval h is decreased until
the fine structure is apparent, At this point @ may be changed to fur-

ther smooth or unsmooth the estimate,
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N = 300 Bimodal D M,P.L.E, o= 10
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N = 300 Bimodal DM.P.LE. o= 10°

DIAGRAM 5.3.2

L R N N N L T T T

N T Y

LR R R RN R R LR RN I R SR

Tev s akacr Ty RS

Secbsnsvtudoann

0Lt 0
XvH
010 ERLLGLLEG "=
FO+0L $FETYDIHG ® G
CO+IRSHSIERTr & *0
10=QUY QL YVFELLY U
10=UUAT L IALSUT* 0
woong*e

§O4000000000008 *0

tTsssssssnessn

L=2 1 h

*
2C
LY A Y s A R T R R

el
L]
-
LR 2 R ok rde kol oo ge 4 e kr R uds STe R g VET ol s B s

-%

P R N N N A N A A

serean

Ry
6 0
NINW

T E R

Shwa* Y
S=1606*d
Li={ldC*E
LlUmyunyeg
FOm(n0* %
L i=Qhsun T
co=05%"&
¢O=018*"
10~Q2 11
10=0673* 1
10~Uust*e
10=Usg9*d
10=0E0"C
to-gQTe* e
to=-u18°*¢
LOwg03* e
EO=GLl5° 8
LO=Gh*k
io=Qt 2 F
10=Jf L2
1o-0ic* 2
10=001°2
TO=)ba "\
10~QIv" &
10~g901
Somn b3 g
c0=021*S
COom=UL0*t
ClmUiu*1i
E0=-dDE"L
vOo=-Q15°*
Qre(ry

ne-

£
i
2]

r

)
F1vNTaM

*i0Td IO (N4

D100 <
01
f

F0e=Civif 1
HO=lh G
S0=Uoe*y
2OmQHL" 1
fo~0uor-1
EO—tvp L
A0~(F e
SO=UrL*h
10=0t0* 2
10=0ha "
10=01n
0=t e
10=agi~t
E0=Ueh* g
TO-RO ¥
C0-0L0*S
CcO=0L0° L
SOl Lt h
10=Uu¢2* |
10=Geu" ¥
10~t0e &
10~0%t * 2
10=(ro*g
To=quE* 2
10~{hnB*E
10=(hH* 7
10=09&* T
10=yya ¢
1o~ave*e
10=U¢o* &
1O=0t 2° 1
10=trZ* )
L ad O W
c0=-ejt L
TN=Q7. ¢
C0~=U0$ *° €
cO=p2 i
20=aie=
EQmQrR" L
FO=00w* Yy
P el d
E0=te T~ |
EN=-NGGe N

Q000 "%
00404 4
QQuipty
QALY
DO Y
QOO0 Y
QOINGYEL
QO+I09 "%
ourdonTe
oo I Y
KN RV
oo+u0R*g
00 +Op* g
QOHIDY S
L BT
oNIugo "2
oo4nnE*}
GO RIG2"}
LRI LR R |
QQHInZ Y
Q0 KIOL *1
1 0-300 'y
1 0=Qui*9
10=000"*Y
1ip=IN0" g
[t}
TO-don g~
TU=Jo0" 9=
TO= 100 "9
10«G00*P=
GOy l=-
00va0 2’ i
00Oy =
[ RIS A R £
0040011~

IS -

HIQR* b

0
[
D0 G =
[y
O4eI0 N * 5=

Y5150y

Wil AL Ivti3d O

WYL OONHT TINE T DD

PINTNIAATU LN =AY HANIXYH
HOMME IYYNDS SILVHOEINT

YUHHNS IHwNDS

[sle Ll Rl 3
DL aoopeT G-

YHOIY RIbaMvHYe

WAu3diHNIL

WYX (3LvHD 1IN
HS AW 1 3YDstg

HON 4 SANEDd ey o

OHIND ) im

Hil A

AEYHIASS OJ32 TN QOUMTTAINT T unKixyr UTZ21138I°10
215 HldWwy S

“SA 1ETtH ND R
tttt-0

3 WHYS Si

HLlw ong =

NoLst O 7 LMY 40 JIHYINEA OGNV LHOT % MBI 8 = 141 oac EELAA R L T te = LMYAN HLTW

TrklH WaorNlA



93

o = 10

N = 300 Bimodal D M,P,L.E,

DIAGRAM 5,3,3
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N = 300 Bimodal Quartic Kermel h(N) = 5.0

DIAGRAM 5,3.7.
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N = 300 Bimodal Quartic Kernel h(N) = 2.0

DIAGRAM 5.3.8,
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N = 300 Bimodal Quartic Kernmel h(N) = 0,8

DTAGRAM 5,3.9,
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N = 300 Bimodal Quartic Kernel h(N) = 0,6

DIAGRAM 5.3.10,
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N = 300 Bimodal Quartic Kernel h(N) = 0,4

DIAGRAM 5,3.11,
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N = 300 Bimodal Quartic Kernel h(N) = 0,2

DIAGRAM 5,3,12,
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5.4 Examples of Kernel and Discretized Estimates

To evaluate the various estimators, four densities were chosen as
benchmarks, They are:

1, the stan&ard normal N(0,1) (5.4.1)

2. bimodal 3N(-1.5,1) + 3N(1,5,1)

3. student's distribution ¢t

5

4, the F density shifted by 3 units for convenience,

10,10
The N{0,1) density was chosen for its universal importance in sampling,
The bimodal density was chosen because it sometimes occurs in situations
where the standard normal is assumed; for example, the density of IQ's for U.S,

high school seniors is bimodal in nature, The t,. density was chosen for

5
its heavy tails, Finally the F10,10 density was chosen because it is
not symmetric and has a sharp peak,

Monte Carlo simulations were performed on each of the densities in
(5.4.1) using the kernel estimator and the continuous piecewise linear
estimator, In Diagrams 5.4,1-5,4,7 we compare three estimates on each of
several random data sets, For each random sample the discretized solution
is given first (a), Then the recent non--L1 Fourier kernel (2.1.6) of
Davis [19757 is given (b). Finally, in (c) the quartic kernel (see

‘Table 2.5,1) gives estimates indistinguishable from the Gaussian kernel,
The optimal choices for the kernel scaling parameter were calculated using
(2.1.3) and

h@W) = [1.5/To ;N1 SN CR% S
for the Fourier kernel (see section 2,1), Formula (5.4,2) was used in
all cases to illustrate the practical difficulties in choosing h(W) for
an unknown density function, This formula is optimal for the standard

normal, Even in this situation, the Fourier kernel introduces oscillations
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and negative lobes in the tails of the estimate, For a random sample of
size 400 from the FlO,lO density, several estimates using the Davis
kernel for wvarious choices of h(N) are given in Diagrams 5.4,7b-5,4.7b''",
Yet with N = 400 the negative oscillatiﬁns are always apparent particu-
larly on the left where there is ne probability mass (which 1eaés te a

good integrated mean square error), We remark that as a function of the
scaling parameter h(N) the Davis estimator behaves differently than the
usual Parzen estimator, Im particular, for h(N) too large the resulting
estimates are oversmoothed; however, unlike other kernels, the Davis esti-
mate has large low frequency oscillations in the tails,

The optimal value of h(N) for the quartic kernmel estimator was ob-
tained using formula (2.5.1); that is, for a general kernel K(+) satis~
fying (2,1.1)

@
,‘]' K2 {(x)dx
~

[T 2K (x )dxt 2 T £ (x)2dx

el

Nt (5.4.3)

h(N)® =

In Table 5.4,1 we give the quantities in (5.4.3) relating to the choice of

a kernel from Table 2.5.1,

TABLE 5,4.1
co oo
Kernel J'K?(x)dx J'xZKCx)dx 2
-t ~co
Box - 1/2 1/9
Triangle 2/3 1/36
Quartic 5/7 1/49
Gaussian 1/ /) 1


http:5.4.7b-5.4.Yb

105

In Table 5.4.2 we give the quantity in (5.4,3) relating to the choice of

a sampling density from (5.4,1),

TABLE 5.4,2

5 2
Sampling Density J £ (x ) dx

-0
N(0,1) 3/(8/m
Bimodal (3/(16/m)) (L - 1,25e"227).
te 143/(20/5)
F10,10 272160/7429
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o

N = 10 N(0,1) D M,P.L,E,

DIAGRAM 5.4,1a,
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0,67

10 WN(0,1) F,I.E, Kernel h(W)

N =

DIAGRAM 5.4.1b,
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10 N(0,1) Quartic Kernel h(N) = 1,75

N:

DIAGRAM 5.4.1c,
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a = 10

N = 20 N(O’l) D.M.P.L.El

DIAGRAM 5.4.2a,
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20 N(0,1) F.I.E, Kernel h(N) = 0,58

N =

DIAGRAM 5.4.2b,
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N(0,1) Quartic Rernel h(N¥) = 1,53

N =20

DIAGRAM 5.4 ,2c,
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10

a-_'

N = 100 N(O,l) D.M.P.L.E.

DIAGRAM 5,4.3a,
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100 N(0,1) F,.I,E, Rernel h(N) = 0.47
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N = 100 N(0,1) Quartic Kernel u@) = 1,11

DYAGRAM 5.4 ,3c,
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o= 10

N = 100 N(0,1) D ,M,P,L.E,
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N = 100 N(0,1) F.I.E, Kernel h(N) = 0,47

DIAGRAM 5.4.4Db,
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N =25 Bimodal F.I.E, Kernel h(N) = 0,56

DIAGRAM 5,45,
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N =1,72

N = 25 Bimodal Quartic Kernel h

DIAGRAM 5.4,5¢c,
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o= 10

DIAGRAM 5.,4.6a N = 100 Bimodal DM P LE,
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¥ = 100 Bimodal F.I1.E, Rernel u(N) = 0,47

DIAGRAM 5.4,6b,
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N = 100 Bimodal Quartic Kernel h(N) = 1,31

DIAGRAM 5.4 .6¢c,
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= ’ =0
N = 400 FIO,J_O PMPLE, o .5

DIAGRAM 5.4,7a,
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N = 400 FlO,lO F.,I.E, Kernel h(N) = 0,25

DIAGRAM 5.4.7b',
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N = 400 F10‘10 F,I.E. Kernel h(N) = 0,10

DIAGRAM 5.4,7b",
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N = 400 FlO,lO ¥,I,E, Kernel h{N)
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5.5 Monte Carlo Simulation Study

Random samples were generated from the densities (5,4,1) and the con-
tinuous piecewise linear discretized maximum. penalized likelihood and kernel
estimators calculated, Three measures of error were considered for an esti-
mate £ of fo :

1, integrated mean square error

THS.E. = JTEG) - £ GTE (e (5.5.1)

2. integrated square error

LS.E, = [ [B) - £ ()]0 (5.5.2)

3. maximum absolute difference

DERMX = max |E(x) - £ (x)] (5.5.3)
XE(-m,)

To‘evaluate {(5.5.1)-(5,5,3) numerically, the values of f and fo were
caleulated at the points -5.0, ~-4.9,...,0,...,4.9, 5.0 at a spacing of
one-tenth, Simpson's rule was used to estimate (5.5.1) and (5.5,2).
DEIMAX was taken to be the maximum difference over the 101 points,
Twenty~five random samples were genera;gd for each case discussed
below for varying sample sizes, The quantities (5.5.1)-(5.5,3) were cal-
culated for each sample, The mean and standard deviation were then calcu-
lated for gquantities (5,5,1)-(5,5.3) using the 25 simulation results, To
reduce computational time initial estimates in the maximum penalized like-
1ihood algorithm were taken to be the true density values or one-hundredth,
whichever was larger, Recall that an initial guess of zero in the numerical
algorithm does not change in subsequené iterations, Typically about ten
iterations were required to satisfy the convergence criterion (5.1,9). A

rather coarse mesh interval h of 0,25 was chosen to reduce computational
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times except in two instances where h = 0,125 was used, The mesh used’
is denoted by

mesh = (m, tis h) (5.5.4)
where the estimate vanishes outgside the.interval (t2,tm?1) . For the
kernel estimators, "hopt" denotes the theoretically best choice given by
(2.1.3) or (5.4.2). The Fourier integral estimate (F,1.E,) corresponds
to the kernel (2.1.6), The quartic kernel is given in Table 2,5.1,

We remark that the quartic kernmel exhibited smaller errors than did the
Gaussian kernel, Using the Gaussian kernel increases computational time
by a large factor with no apparent gain, The smoothness and finite sup-
port of the quartic kernel (and other spline kernels) are therefore attrac-
tive features,

The following computational times are typical for an IBM 370/155,

For the discrete solution to generate and solve 25 samples from the four

densities (5.4.1) with N = 25,100 and 400 and with three values of «

required 3439 seconds, about 3,82 seconds per sample for one value of « ,
For the Gaussian kernel estimate to generate and solve 25 samples from the
four densities (5.,4.1) with N = 25 and 100 for the optimal choice of h(N)

required 665 seconds, about 3,33 seconds per sample,
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TABLE 5,5.1, Twenty-five N(0,1) samples each. for N = 25, 100, 400, 800
(error means with standard deviations in parentheses)
DM, P,LE.* F.1.E, Quartic Gaussian
NeZ25. o=10 mesh= Kernel Kernel Kernel
Error (37,-4,5,.25) hopt = ,56 hopt = 1,46 hopt = .56 -
IM.S.E, 0027 .0026 ,0039 L0041
(.0019) ¢.0021) {,0031) {.0032)
I.5.E. 012 L 014 015 L0116
{.008) (.011) (,012) (.012)
DEIMAX 077 LO79 .091 .095
(.031) .027) {.039) (.039)
DM, PLE.,* ¥ .1.E, Quartic Gaussian
N=100 o=l0 mesh= Kernel Kernel Kernel
Error (37,-4.5,.25) hopt = 47 hopt = 1. 11 hopt = 42
IM,5.E, .00079 . 00085 00122 00129
(.00054) {,00060) {,00074) (.00075)
I.8.E, L0037 0045 . 0048 . 0G50
(.0021) (.0026) (.0027) (.0027)
DEIMAX L047 047 .056 .059
(.013) (.012) (.018) (.018)
D M.P.LE.* F.1.E, Quartic
N=400 =10 mesh= Kernel Kernel
Error -(53,-3,25,.125) hopt = .41 hopt = .84
IM,S.E, .00033 L 00027 ,00053
(.00018) (., 00020) (.00022)
I,8,E. L0014 .0013 6020
(.0008) (,0009) (.0009)
DEIMAX L031 .025 .039
(.008) (.009) (.010}
N=800 I .M.8,E, 1.5.E, DEIMAX
« .
w16 e 00022 0009 .026
(.00013) (.0005) (.006)

(53 s-3-25: .125)

%« 1,0,13,31 points were truncated for N = 25, 100, 400, 800 respectively,
Three samples for N = 25 were calculated with the mesh = (53,-3.25,.125),
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TABILE 5,5.,2, Twenty-five Bimodal samples each for mn = 25, 100, 400
(error means with standard deviations in parentheses)
D M,PLE* Quartic Gaussian
N=25 =10 mesh= Kernel Kernel
Erxror {41,-5,.25) hopt = 1,72 . hopt = ,66
IMS.E, ,00159 00120 .00128
(.00141) {,00104) (.00108)
1,8.E, ,012 .008 .009
(.010) (.007) (.007)
DELMAX L071 061 .063
{.030) (.022) (.023)
D M PLE,*® Quartic Gaussian
N=100 o=10 mesh= Kernel Kernel
Error (41,-5,.25) hopt = 1,31 hopt = .50
IM8.E, 00054 00049 , 00052
(.00032) ¢.00031) {.00031)
1.5.E, 0040 .0034 ,0036
(.0022) (.0020) (.0020)
DEIMAX 044 L040 L042
(.014) (.013) (.014)
N=400 IMS.E, I,5,E, DEIMAX
DM, PLE* .00024 L0017 .030
=10 mesh= (.00012) (,0007) (.007)
(41:"51 -25)

% 0,3,4 points were truncated for N = 25, 100, 400 respectively,
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TABLE 5.5.3. Twenty-five ts samples each for N =25, 100, 400
(error means with standard deviations in parentheses)
DM,P,LE* Quartic {aussian
N=25 o=10 mesh = Kernel Kernel
Error (41,-5,.25) hopt = 1,07 hopt = .41
I.MS.E, .00282 . 00454 ,00475
(.00148) (.00229) (.00233)
I1.8.E, , 0147 L0203 L0210
(.0073) (.0090) (.0091)
PEIMAX ,090 .118 123
(.023) (.208) (.030)
D ,M,P,LE,* Quartic Gaussian
N=100 ¢=10 mesh= Kernel Kernel
Error {(41,-5,.25) hopt = ,81 hopt = .31
I.M.S.E, .00084 ,00150 00157
{.00062) (.00100) {.00104)
I.8.E, L0044 . 0066 .0069
{.0027) (.0038) (.0039)
DEIMAX .048 068 .072
(.017) (0.23) (.026)
N=400 ‘ I,M,S.E, 1,8.E, DEIMAX
*
iy bt .00032 ,0016 032
(41,-5,.25) (.00020) (.0008) (.009)

* 1, 17, 59 points

truncated for N = 25, 100, 400 respectively,
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TABIE 5,5.4 Twenty-five Fyg 10 Samples Each for N = 25, 100, 400
. {error means with standard deviations in parentheses)
f
b M, P LE® Quartic Gaussian

N=25 o=,5 mesh = Kernel Kernel
Erxor (35,-3,5,.25) hopt = ,52 hopt =" .20
IMS5.E, .0321 L0140 . .0146

{.0270) (.0104) (,0105)
1.8,E, 071 .036 L037

(.061) (.019) (.019}
DEIMAY .30 .21 .21

(.12) (.07) (.07)

DM PLE,* Quartic Gaussian

N=100 o=.5 mesh = Kernel Kernel
Error (35,-3.5,.25). hopt = ,39 hopt = .15
IM.S5.E, L0100 L0064 L0067

(.0071) (.0049) (.0051)
1,5,E, ,023 L016 L017

(.014) (.009) (.009)
DELMAX .18 15 .16

(.08) (.05) (.05)
N=400 I M S E, 1.5 .E, DEIMAX
DM, P LE,* ,0029 .007 J11
o = .5 mesh = (.0017) (.003) (.02)

(35:-305’ -25)

* 2, 8, 21 points truncated for N = 25, 100, 400 respectively,
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5.6 The Penalty Weighing Factor o

In this section we deal with two questions: first, whether o = o(N)
and second, how  is affected by scaling the random sample, The answer
to the first question appears to be that o depends only on the underlying
density and not on the sample size N . Good and Gaskins [1972, p. 188]
give a heuristic proof that o 1is constant for the Normal density, In
Tgble 5.6.1 we present the integrated mean square error for o = 5, 10, 20
for the Normal, bimodal, and t5 samples genera;ed in the Monte Carlo study,
For the F10,10 samples o = %, 1, 2 were'used. We base our conclusions
on these data, Perhaps a slight increase in o as N increases is indi-
cated., However as is evident from Diagrams 5.3.1-5,3.6, dramatic changes
in the estimates occur only for changes in magnitudes of o in powers of
ten, This is due to the fact that the penalty term is competing against
a logarithmic term that is less sensitive to small changes in « , In

Table 5.6.2 we present a similar format for perturbing the optimal h(N)

for the kernel estimator with a Gaussian kermel,

A standard device is to transform the random sample xl,.,.,xN by

x] == i=1,N (5.6.1)

for some choice of a ¢ R and b € R, . Usually a is taken to be the
sample mean and b the sample standard deviation, It is well known that
this choice of a and b 1is not robust for demsities with heavy tails,

A more robust cholce 1is

a =%
(.5) (5.6.2)

Z2.16
*c.86) T %(.14)

b =

where x(p) denotes the pth sample quartile, The efficiency of (5.6.2)
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TABLE 5,6.1, Average I M,S.E, of the D .M,P,L.E for ¢ Perburbed
by a Factor of Two, Divide @ by 10 for the F
g 10,10
amples,

IMS.E, for

Sample o =5 o =10 _ o =20
N(0,1) N=25 00242 . 00267 .00427
N(0,1) N=100 .00093 .00079 .00089
N(0,1) N=400 .00037 .00033 .00035
N(0,1) R=800 .00028 . 00022 .00019
Bimodal N=25 .00197 .00159 .00152
- Bimodal N=100 .00070 . 00054 .00171
Bimodal N=400 .00030 - . 00024 . 00022
tg N=25 .00297 . 00282 .00350
ty N=100 .00092 . 00084 .00101
tg N=400 .00039 .00032 .00030
FlO,lO N=25 .03208 .03865 .05519
FlO,lO N=100 .00996 .01390 02411

FlO,lO N=400 .00292 . 00450 . 00740



138

TABIE 5.6.2, Average I M S E, of the Kernel Estimate for h(W)
Perturbed by a Factor of Two (Gaussian kernel)

EME.E, for

Sample hopt % hopt hopt 2 hopt
N(0,1) N=25 .556 ,00804 00411 .00843
N(0,1) N=100 422 . 00282 00129 ,00371
Bimodal N=25  ,657 00379 .00128 00152
Bimodal N=100 _498 00134 . 00052 . 00095
ts N=25 406 .01067 , 00475 00416
ty N=100 .308 00375 .00157 .00167
F1o,10 N25 .198 ,0334 .01456 .01999

N=100 150 01428 .00673 ,00926

F10,10
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ig less than that of (5,6,1) for a Normal sample, but not for a Cauchy or
contaminated density,

If a transformation (5.6.1), a standard mesh t!, té,..,,tﬂ‘n , and a
reasonable choice for ' are used to solve for the continuous piecewise
linear solution p'(t') , then the original problem has the solution

= 1
tk a+ btk

(5.6l3)
t-a

L aft-a
p(t) =¢p ( b)
We ask whether p(t) may be solved directly (given a and b) for some

o .

Theorem 5.6,1, Suppose ti,...,t;. is a fixed mesh in problem (5,1,4) with

penalty welghing factor o' , Let the transformation constants a and
b be given, Then the solution (5.6,3) for p(t) may be solved directly

by choosing « = b—Su' in problem (5.1.4) over the mesh tl,,,,,tm .

Proof, The mesh spacing h = bh' , The integral comstraint (5,1,5) is

satisfied if

t—
p(t,) =-§p'($§ )

Problems (5.1.4) are

s o 2 2
maximize T log p(xi) - ;5 Y P(tk+1)] (5.6.4)
and
. ' 2 a2
maximize ¥ log p'(x{) - i&g R p'(t&+1)1 . (5,6.5)

Using (5.6.3), problem (5.6.4) becomes

1 1 2
T log 3 p'(x)) - % ol vzp'(t{{)]

or
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T log p'(x!) - Nlog b - =2— L 5 (o (e .
i b3h‘3 b2 k

Since N log b 1is constant, we have that the choice ¢! = b-sg wenders

problem (5,6,4) and (5.6,5) equivalent, This proves the theorem,

5,7 Extension to Higher Dimensions

For two~-dimensional data the extension of the continuous piecewise
linear function is the surface defined by triangles defined on a two-dimen-
gsional mesh, This problem is more difficult to solve, Another approach
is the pseudo-independence algorithm of Bennett [19747, After a linear
transformation the problem of finding a p-dimensional density is redoced
to that of finding p one-dimensional densities, Let x bea pxl
data vector, Let R bea px p matrix and X a px 1 wvector, Then

the pseudo~-independent estimate is

Fal p el
fx) = 11 fi(zi) (5.7.1)
=1
where
t
z = (21?22,.,.,zp)
= R(x - %) ’ (5,7.2)

and fi are p one-dimensional density estimates, Suppose % is the

sample mean of the p-dimensional data and ¥ is the positive definite
sample covariance matrix, Let p denote the p x p diagonal matrix of
the eigenvalues of 3 and E denote the corresponding p % p matrix of
normalized eigenvectors, If we take

R = 77ET (5.7.3)
then the transformed (5,7.1) data has mean zero and covariance matrix equal
to the identity matrix, Only for Gaussian data does the product (5,7.1)

have a theoretical justification, The pseudo-independence algorithm ussas
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(5.7.1) for arbitrarily distributed data,

For p = 2 the histogram and pseudo-}ndependent discrete estimate

i
with mesh interval 0,2 and @ = 1,0 are graphed for two data sets in
Diagrams 5,7.1-5.7.4. The data are a measure of the intemsity of light
(reflected by the earth and recorded by satellite) in two spectral bands,
The first band is from 0,40-0,44 ym and the second band is from 0,72-0,80 pm,
The first data set is 225 pairs of measurements for light reflected from a
soybean field, The second data set is 156 measurements on a corn field,
For each data set a histogram is given to locate the random samples followed
by the corresponding pseudo-independent discrete solution, Increasing
values of the estimated two-dimensional density are denoted by the following
ten symbols on a linear scale:
(smallest) 0, , -/ + ; *B § (largest)

The parameters of the pseudo-independence algorithm are:

Data Set T
_ 82 .45 17.63 G .056 ,998
X = A: E =
90,92 0 2,03 .998 -,056
Data Set IL
85.48 26,28 0 .323 L3946

103,17 0 5,79 -.946 323
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DIAGRAM 5,7.1, Histogram of 225 Soybean Data
x-range : 77,2 to 89,2 (by 1.2 =6 columns)

v-range : 77,9 to 1045 (by 1.4 = 3 rows)

QOO OUCUCULCLLUULUUUUUL UJ UV LLVI UM L WU L W W W UL e 1w W e o o 2~ = 2
‘OOQOGGOOOQOOOOCOCGOOOOOOOCOOOCOOOGGOQQOGCQnOOOQQnOOQCOCQQOO
’OQQCQOOOG?OOOQCCOCOO00GOCOJOQOOOOQOOOOOOOOCQOQOC”COQOGCCOQG
'001000CCC3C00anCCCC90CQCCQCCGOOCCO?QOOOCOOOQGCOOOﬁCCOOOOOO
003C0000000CCOPGUCOOOJOCUQOQOGOOQOOOQOOOCOCOOOCQﬂO?DOOGOOQO
‘OOOOOOOOOCOOCDCHQCCCGJCOCC?OOCCOOOOOCOCQCODCOCQ@C0300000000
OQQOOCQCOQCOCPCGOCCC03QQOSGDOCOOOOOQOOOOTGOOOGCQG?QOGOCOOOO
‘OOOQOCOOOGOOCCVOOCOOOQ000(010000000QGOCOOQOOOOCOOOﬂOGOCOCDO
‘OOQCGCCCGOOOQCGCOCOCOGCODCOOQGOQCGOCDOOGOCGDQCDCCQQCQGOOQOq
LOOGCCCCQCCCQCCPCOCCGCJOOQ-cooCGQOOOGOOOGOCOOOCQOGCQGGCCQGOﬁ
'OOOCOCOGOGQOCCCCOCOOOJCo.eusaCOOOOOQOCOOUCCGDUOCCOODCQGOOCG
PCOQDOOCQQCCOQOCQOCCDCQCqoacoeGOQOOQGQOCOOCOGQGCCQOQQGOCCOGC
lOCﬁOOOCOGGCGOCCO)CGCGQO.qo...OOUGOOQOGOOOOOOOOOCOOOCﬂOCOOﬂG
'QOQOGQCQOOGQCCCOCCQCOJOo0.0noGOOQOCQQQOOOOOCCPOCCCOnO000?00
'OOOQOCCOOCOQOQ(QGCQOOJOQocc--CG?OCQOCGOOOOﬂﬂQﬁO@C?GQOOGDQG?
'OOOCOCGOOOCOCﬂCOO.oooue;,;.o;COOOGOo.oguqCﬂCOGOCOOGOCCGPOGO
IOCOOOCCOCCCOOOCOOCOGOGo’ﬂ"llGCOOGC.COO.OOCCOQCQQQQPCQOCOOQ
IOGSQOOOQOCGOOQCOQ--QQa.’oosv-GOGOGG-.:o-.OOQOnQQGCnCOOODOOQ
‘0000000000@0309930-0000;;;;;;1oo-oo3390000000000ﬁ0°000CC0?0
|000ﬂCDCGOOCOOC003a.n-.e;;;:::-o.o..COOCOCQOOOOOOCOODOOOOOOG
3”00000000C00“0C30000000;5;;;ioooe-mOOQGOOCCCOOCﬂnnnCOQCCQOQ
'QOOCCGCQGQOCchﬂgcsaoo94++¥¥+"~“““"CGGC?CC?@CGPCC“CTCGCGOCC
IQOQCQOCOCGCOCQQOC.QQo»o++++++mﬂ“-**0030ﬁCQQCCG“O”DQPGODQGOQ
|OCOﬁOGOOQCOOOCC004aoo.n+++?++““-““‘90300DCCOOUUD“OQ“COOCOpﬂ
DGGQQCGOQGCOQ-a-oo“’““"*5$$$$$““““""OOGCOGoooobeOﬁCQCGQOQQOQ
'OQOnOCOCCQOQoa-oo_“““““$$$$$$"“°‘~‘00“000coQQQQCCQQ”OOOGOCO
'OGOCOOCOCCOQo-oo-‘““"”“$$5555“"““““000090aoouo-C?fOQCOQC?GQ
?OOOOOGQOOGQ...ogo,qoe-.———«wn.o.o.-QCOOGOCCDCQCOOTCPCOCCOOQ
|000000000000-noocooooe0'-“‘“"0o--coOCDOOOOCGCqOQC@GPGOOOOGn
300000C00900u0.o.-a¢.0-c‘““""“oocoooOOGODQCOOGOOOCQ“FOOQQOO"
’OCQTCOCCOGC.bo--ooab.oo++++++-nnocnOGOOOOQQQQCCCOOCCOOOOQOﬂ
iOCGCOCOOOCO...p.....o..++++++.¢.¢oaOGOOCCGCOOCOCH“GFC00¢OOC
?OQQCOCCOCCQJ-gooagonoa.++++++o.ocqoGOCOOOCQCOOOQOCQCCQCQOCF
!OOOAOOGOGCGOQIO..""_“-~$$$$5$OQGGODQ.@..DCGQC”COﬁOOOGOOOOQQ
?00000000000.-.-..n~~«a—$$55$b.o..aoc».¢..000$nCPDCGPOOOOOOC
50Q0900090000e-o..-ﬂW‘“‘$$$$$$oo:uaao.oaneOCGC?OOOC""OGCQOQC
IOOCCOGCOCOGOOCFCOPOOODO++++++GGGGOGOGOCOOCGnCOOC?OOEPOCOCCf
’QOOCOQCOOQOQCCCCDOQOGJO++++++CDJGOOOPOGOOOOOC”QCCC@QCQOCOOC
]OOOQQOOOCOCOCCQQOCOCCJC++++++GDOQQGQQCOCWC00000@90”“000000“
’0000000C0CC-.;...,,.1,.++++++.o¢eoqQCGnGOCQOOﬂQCCOOﬂOOOOGOC
5000C0003000||a--i-1900'*+§+++aqoo.aDQQCQQCOCOOQQCQGOOOGOOOC
?OOJCOOOGOCC..g...g.g,',++++++¢a..ggCCCOOOCOOCOOCOQCOOOO”OOQ
}OOOﬁOOCOOCGOOCCGOGGGGJOsu..,s.n;e.oGOOUQOCQOOQOOGQﬁﬂQQCOOOC
)003C00000CC900CC0000030-cosnvaooaa030900000CCQ@COOQﬁOOQCOOf

JQOCOGCOOOCCOGGOOOCGCOOO.-o-o'uc.qc-GOGOOOOOC”OOOQOOCHOCOQOC
IOOOOOOOOCCOOCC?D"GOCUJO-oooooQOCGCOOQOGDOCCﬁQOOOOOOGCOCQOCC
)OOQCOOOOOCCOGCCCOCOOﬂﬁCna.o-.0000036000003OOOOQOCGQPCOOCOOF
'QC900000000000C000000300-o.ooOOOCOODGOOCOCGOQﬁOCOQGOFCCOOOC
)OOOCOOOCOOCOCCCGOCCQO:QCCCGDCQCOCOOJGDCOCCOOOOCOGOOOCGCSOGC
!009@000000000800200009OOOOOQCOCOOOOSOOOCCCOOOrOOOOQnCOCOQC’
)OOOOOCOGOOCOOC”COCOOOJOOCOOQOCOGOODQOODCOGQOOCCQDOGQOOCGOGC
EOOOOOOOOCOCOOOFQODOOCJOCGCOGOCOOGGODOCOOOCOQCCCOGC“QCOOQGCC
}OCJQOOCOOGOOOCCOOCO?CUCPCCOQOCOOOOOOOOCGGQCOQCOCCO“OOOOOOOC
DOOPOOCOOCOCOCOCOQGOOOOCOCCOOOOOGGQOOOOOOOCQOQCCOOGO“COGOQD[
)0000000000“000003003000000000009000OOCCODOOOOOQCQCG“OOCCOOf

>000000900C000C00000000CCCO?UGOGGOOCCCOOOSOCCOnQOCGGCCOOCqO(
P n A AAmmANAAAAARARAANAA AANAANAGONCSAATGO0CCCCLCCO00QC0QaC00L
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DIAGRAM 5,7.2, Pseudo-Independent Discrete Estimate of
225 Soybean Data o =1

x-range : 77,2 - 89.2 (by 0,2 =1 column)

y-range : 77.9 - 104,5 (by 7/15 = 1 Tow)

FRAPLVEVASYVAPEVISAVRVEVASRVAFAVAVAVATAVANR IV AVAVAVAVAVASAVECRYAVREAVAVANE - ACATAEACA R SR PPl A i i i
F0UICUYIU00UUUURLULCUULIY YL ULCI0UU LU LUUO0OVOOVo00000002006 00000
DOOJICOLO0LLYUYVGRULUULUOUUOGUOLLUILUODU0OUUOIB00I000000d000ILK
J3000C0LULOUIVLUOIYOCOUIRO0000WILIGUUUOVUTIUD00U00uVa0000U000L
J00000V0IV0UQUCODUUUC I UUULORUUUY VLU LYY LOORO00O0UD0VVLOUUT
Q0O CUUGLOUUDURCOOUVLUVU0UUL e 2 s UDUUOGORULOUGOO0OGCO00O0O0LLOUC
30000000V UODI00LOIUOVIJOUOUOTVIOUTCUGOQ0D0UO00080000D0U00II(
J00OCULLLUVLIADLOUSLLVYULLOOLVUULLUUOLOOUD00YIVA00COCH00000000VO(
2909 QU VUYLV G LUALLOY LUV L LYY U LLROL 0L Q00000000000 I(
3000 CUbUGLVUDUOUUUVOUIUY D eesetnvwes UWUIOOUULOLVUOROOIO0O000CUOQU(
30000000000000000000..0toccoooot.ooca;UOOUUOGOOOOOOOOUQODGO&
DOOUDUUUJLUULOUGO s e ssanvasnvresrreveveees BOUIOCUCC000000000DUO(C
UQOOUUUUOCOUUQOOOO.QQ..l.‘."Q.;'|.q..o.UUOGUUOUOOOOUUODOOG(
JOOOCOUUQUUUUUGo..nno!nov"“*"“'uo,.o-oabUGUUOCODUQUUJUOOO(
DUUJOUUUOUUUDO;:QB;{;ofv“';/*J;;“T;?J:;;UUUCGOOOOOUUOUODOO:
JOOQOUOCUUUDO D ewesnsrs s ™S/ /="y 4 38e+000000000Q0000IC0OIOC
PHOCUUVULUD 8 s st 2t tl St b b ity 2 a2 aUUULUO0QWOJRG0000D]
JOOOLLUGYUUUD esesssr e/ /4t ttrt/ /vy, 0000000 06CU00C0000IT
D000CU0ULLUUU s nensr s/ S+ it it it/ / =340 30as0lssDCGO00O0O0O00VIL
JOUJIUVUOOBUUUUs sa s s e~/ /5 i vivt 77wy 6o s 31 240000000000 008C
IC000UULOUU es aa s e s/ /755 iRFFF {3t/ /%y sasallneesdGUCN0006VO0AUL
JO0JULUULUUC e s arp s 3™ ol /b 3 3%ixnx i+ 4/ /s s0eaas3e0000000000CDUL
DO00COUOOUass es s i/ /e 4R EETGRER T/ /9 s 01224+ 000000000000 00
300000000 sas e s=ma/t4,xobrdd3o%; ++/ “srsunerss 00000000V ULTI
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DIAGRAM 5,7.3, Histogram of 156 Corn Data

x-range : 76,75 - 94,75 (by 1.5 =5 columns)

y-range : 86,45 - 118,75 (by 1.7 =3 columns)
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DIAGRAM 5,7.4, Pseudo-Independent Discrete Estimate of
156 Corn Data o = 1

x-range : 76,75 - 94,75 (by 0,3 = 1 column)

y-range : 86,45 - 118,75 (by 17/30 = 1 row)
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5.8 Conclusions

In this study, two nonparametric probability density estimation al-
gorithms have been examined, The kernel éstimators of Rosenblatt [1956]
and Parzen [1962] are considered in Chapter IIl The consistency properties
of the kermel estimators are well known, The Fourier integral kernel of
Davis [1975] is the most recent entry in this class of estimators; however,
the resulting estimate is not nonnegative, Whittle's [1958] classical work
attempts to find an optimal kernel to minimize the expected mean sguare
error given prior information about the true deasity, A practical example
that Whittle presents is corrected, The Whittle estimator is shown to be
a Parzen kernel estimator when no prior informatiom is available,

A difficulty with the kernel estimators is the choice of the kernel
scaling parameter h(N) . An asymptotically optimal expression for h{X)
is known; however, a function of the true sampling density is required,

Tn section 2.5 an interactive mode is described for choosing h(N¥) using
only the random sample and the investigator's prior feelings about the
smoothness of the true sampling density, The interactive mode is extended
to a proposed quasi-optimal algorithm for automatically picking h(N) based
solely on the data, In a Monte Carlo simulation study, the quasi-optimal
estimate of h(N) was obtained for randomly generated data sets, The
integrated mean square error of the kernel estimate was calculated using
the quasi-optimal and the theoretically optimal choices for h(¥) ., The
efficiency of the q;asi~optimal h(N) was about 66%; however, the effi-
ciency of the asymptotically Sptimal h(W) scaled by a factor of two was
less than 50%. Thus the quasi-optimal estimate performs well in light of
the sensitivity of the kernel estimate to changes im h(i) . The obvious

extension of the quasi-optimal algoxithm to higher dimensions would be an
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interesting exercise,

The second nonparametric probability density estimate is based on the
maximum likelihood criterion, The histogfam is shown to be the maximum
likelihood estimator in the class of simple functions, In a more general
class of functions, the maximum likelihood estimate may not exist; there-
fore,‘peqalty function techniques are introduced in a natural way in a func-
tion space setting, In Chapter III, a theoretical basis is established
for this class of estimators, Much of this material was motivated by a
paper of de Montricher, Tapia, and Thompson [1975]. The maximum penalized
likelihood estimate solves an infinite-dimensional problem and appears non-
tractable in general, Thus in Chapter IV a discrete version of the infinite-
dimensional problem is introduced, The discretized maximum penalized like-
lihood estimator is shown to be a consistent in the mean square error, For
a fixed sample the discrete solution approximates the infinite-dimensional
solution as the mesh spacing approaches zero, Thus the discreti;ed maxi-
mum penalized likelihood estimate is more rogust in the choice of a mesh
spacing than the histégram or the kernel estimate Cwitﬁ respect to the
kernel scaling factor), Numerical studies have indicated that the D M,P.L.E,
does not change noticeably for h smaller than some positive threshold
value, Consequently, we hypothesize the consistency requirement that the
mesh spacing approach zero slowly as the sample size increases is an arti-
fact of our proof, In other words, the mesh spacing may be picked arbi-
trarily small independently of the sample size_. It should then be a direct
result that the infinite-dimensional solution is also consistent, Open
problems at this time include the rate of convergence of the discrete sclu-
tion, the approximation properties of the discrete solution, and the proof

of consistency for the original infinite~dimensional solution,
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The humerical properties of the discrete sclution are presented in
chapter V, Newton's method is employed to solve for the discrete estimate,
An interactive mode Is described for obtaining estimates given a random
sample based on the investigator's prior feelings of the smoothness of the
true sampling depsity, The robustness of the discrete estimator is demon-
strated vis~g-vis the kernel estimator with respect to the choice of mesh,
penalty weighing, and kernel scaling parameters, An extensive collectlon
of graphs illustrates each of the ideas discussed, A Monte Carle simula-
tion study i3 summarized and a direct comparison made betwean the discrete
and kernel estimators, The extension to density estimation in several dimen-
sions is demonstrated by an example in two dimensions ueing data from MASA's
Earth Resources project,

One important application for the discrete maximum penalized likelihood
estimate is in the field of pattern recognition, The discrete maximum
penalized likelihood estimator has advantages compared with the kernel esti-
mator, The discrete solution does not invelve the data for evaluation, In
fact, the evaluation of the discrete estimate is as straightforward as a
table lookup, On the other hand, the kernel estimator requires the data
for evaluation, and the time required for evaluation increases with the
sample size, Both the discrete and kernel estimates are superior to the
Gaussian assumption for classification, The use of the Gaussian classifier
requires as a preprocessing step the reduction of a class of training data
into several subclasses of approximately Gaussian data,

The computational efficiency of the algorithm for calculating the dis~
crete maximum penalized likelihood estimate can undoubtedly be improved,
This efficiency is important when estimating multi-dimensional densities,

The use of the pseudo~independence algorithm has appeared reasvnably robust
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against the multimodal possibilities encountered in remote sensing data,
However, it is clear that this ad hoc projection of a p-dimensional density
into p one-dimensional densities where the D ,M,P,L.E, may be used will
not be generally satisfactory, Thus it is clear that work needs to be

carried out for generalizing the D M,P,L.,E, to the p-dimensional problem,
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